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ABSTRACT: At high energies, elastic hadronic cross sections, such as pp, pp, 7tp, are
dominated by vacuum exchange, which in leading order of the 1/N, expansion has been
identified as the BFKL Pomeron or its strong AdS dual the closed string Reggeized gravi-
ton [1]. However the difference of particle anti-particle cross sections are given by a so-called
Odderon, carrying C = -1 vacuum quantum numbers identified in weak coupling with odd
numbers of exchanged gluons. Here we show that in the dual description the Odderon
is the Reggeized Kalb-Ramond field (B, ) in the Neveu-Schwartz sector of closed string
theory. To first order in strong coupling, the high energy contribution of the Odderon is
evaluated for NV = 4 Super Yang-Mills by a generalization of the gravity dual analysis for
the Pomeron in ref. [1]. The consequences of confinement on the Odderon are estimated

in the confining QCD-like AdS® hardwall model of Polchinski and Strassler [2].
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1 Introduction

One of the most striking aspects of high energy hadron-hadron scattering is the continued
growth in the total cross section op from collider to cosmic ray energies. (See figure 1.)
This increase can be fitted by a power op ~ 90 ~1 with intercept, jar > 1, to represent the
so-called Pomeron Regge exchange in leading order in the 1/N, expansion. Alternatively
it can be fitted by o7 ~ log®s, the maximally allowed asymptotic term consistent with
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Figure 1. The continued growth of total cross sections for pp, pp,m*p, etc., over a wide range of
energies.

saturating the Froissart unitarity bound. In either case, one also observes a significant
component in the difference of the antiparticle-particle and particle-particle total cross sec-
tions. This charge conjugation odd exchange, C' = —1, which is referred to as the Odderon
contribution [3-7], is often fitted by another sub-leading power Aoy (s) ~ so ~1. The split-
ting between the two powers, jar —Jo >0, can be inferred by the ratio of real/imaginary
amplitudes as well as by differential cross sections in the near-forward limit. (See figure 2.)
We study the C' = —1 J-plane singularities in the crossing-odd sector, from the perspec-
tive of Gauge/String Duality, giving the first strong coupling evaluation of the Odderon
in A/ = 4 super Yang Mills theory in the large N, 't Hooft limit. We find that, while the
Pomeron emerges as fluctuations of the metric tensor, G, the Odderon is associated
with fluctuations in anti-symmetric tensor field, Bysy, the Kalb-Ramond (KR) fields [8] in
AdS5 background.

Although the notion of a Pomeron has been around since the early sixties, its theo-
retical underpinning in a non-perturbative setting was only understood recently. Brower,
Polchinski, Strassler and Tan [1] have shown that, for a conformal theory in the large N,
limit, a dual Pomeron can always be identified with the leading eigenvalue of a Lorentz
boost generator M, _ [9]. A related weak-strong extrapolation for N’ = 4 Super YM has
also been carried out in [10]. In the strong coupling limit, conformal symmetry! requires
that the leading C' = +1 Regge singularity is a fixed J-plane cut, which for N’ = 4 super
Yang Mills theory is located at

i =2-2/VA+0(1/A) . (1.1)

! For the weak coupling BFKL, this is referred as Mdbius invariance which in strong coupling is realized [9,
11] as the SL(2, C) isometries of Euclidean AdS3 subspace of AdSs. See also [12, 13].
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Figure 2. Energy dependence of p(s) = ReF/ImF at t ~ 0 can be used to infer the presence of
Odderon contributions [14]. The difference between differential cross sections for elastic pp and pp
at /s = 53 GeV in the “dip region” [15] has been advocated as the best evidence for the existence
of Odderon. For a careful review, see [16].

As the 't Hooft coupling, A = ¢g?N,, increases, the “conformal Pomeron” moves to j = 2
from below. In the limit A — oo, the conformal Pomeron corresponds to the AdS5 graviton.
We extend in this paper the C' = +1 analysis to the C' = —1 sector. We demonstrate that
the strong coupling conformal Odderon, like the Pomeron, is again a fixed cut in the J-plane
but with its intercept determined by the AdS mass squared, mids, of Kalb-Ramond field,

G =1 = mias/2VA + O(1/)) . (1.2)

Two possible solutions are found: one solution has mi ds,(1) = 16 and a second possible

solution has mQAd&(Q) =0, or j(_) =1 to this order.

At weak coupling the classic study of Balitsky, Fadin, Kuraev and Lipatov (BFKL)
[17-21] evaluated the Pomeron contribution to leading order in g2,; and all orders in
g2\ilog(s/s0). In the conformal limit, both the weak-coupling BFKL Pomeron and Odderon
correspond to J-plane branch points. For instance, for the BFKL Pomeron, the cut is
located at jéﬂ = 1+ (In2) \/7% + O(\?) , where A = ¢?N, is the 't Hooft coupling.
Under the same leading log approximation investigations for the Odderon in the weak
coupling were first carried out by Bartels, Kwiecinski and Praszalowicz (BKP) [22, 23].
Interestingly, two leading Odderon solutions have been identified. Both are branch cuts
in the J-plane. One has an intercept slightly below 1, at jéﬁ), [24, 25], and the second,

denoted by jéz%), [26], has an intercept precisely at 1.2 These are summarized in table 1.

To illustrate the difference between the Pomeron (C' = +1) and the Odderon (C = —1)
sectors, consider the path ordered trace operator, T'r P, expli § do), (o) A, (x)], which is the
source for the closed string on the boundary of AdS5. On the string world sheet, charge
conjugation is given by parity (0 — —o), so that the C' = +1 sectors correspond to

symmetric/anti-symmetric (or real/imaginary) combinations,

TrP, [ei $ doz), (o)A () + e—ifdaaﬁ/u(a)Au(x)] ,

) —

“The fact that the second solution has j((f@) =1 up to O(N\®) in the conformal limit was communicated

to us by Cyrille Marquest.



Weak Coupling

Strong Coupling

C=+1

G =14 (In2) A/x2 + 0(A2)

i =2-2/VX+0(1/))

C=-1 Jsay =2 1= 024717 Mr+003) | g ) =1-8/VA+0(1/3)

Jom =1+00%) Jomy =1+0(01/))

Table 1. Pomeron and Odderon intercepts at weak and strong coupling.

respectively. Expanding to lowest order in perturbation theory, these reduce to two- and
three-gluon source, where charge conjugation is A, (z) — —AZ(:C) with A, = A\*A%, the
Hermitian gauge field generators. Thus the Pomeron Green’s function for exchanging two
gluons between hadrons can be written as a correlator, (P, (z,y)Puwv (2',y')), of two color-
singlet operators,

P (,y) = tr(Au(2) A (y)) = (1/2)0a A5 (2) A} (y) (1.3)

with C' = +1. For three gluons exchange, the Green’s function can again be written as a
correlator of color-singlet operators, (O, (,y, 2)Ow vy (2’ 3y, 2')). Unlike the case of two

gluons, we now have two possibilities. One involves the totally symmetric d-coupling,

Ouvp(,y,2) = tr ({Au(2), Av(y)} Ap(2)) = (1/2)dune AL (2) AL (W) A () (14)

which is odd under C and therefore is the lowest order contribution to the Odderon. The
second possibility involves the totally anti-symmetric coupling, tr ([A,(z), A, (y)] A,(2)) =
(i/2)fabcAz(x)Ag(y)A;(z) . Under C, fape — feba = —fave and C even, leading to a three
gluon contribution to the Pomeron.

In the weak coupling leading logarithmic approximation, the C' = +1 BFKL Pomeron
and the C = —1 Odderon [22, 23] are given by the ladder approximation for two and
three Reggeized gluons in the t-channel. Rapid advances have been made recently by
exploring the consequences of conformal invariance. It is possible to treat each sector
with fixed number, ny, of Reggeized gluons exchanges in the large N, limit, ny = 2,3, --.
The leading intercept for each ng-sector can be found as the ground state eigenvalue of a
Hamiltonian, Hgrkr,, where

1 &
Hprkr, = — Z[H(JZ@'H) + M) (1.5)

4 i=1
is a sum over two-body operators with holomorphic and anti-holomorphic functions of
the Casimir. It has been shown in [27] that this is a spin chain with a sufficient number
of conserved charges to be completely integrable. In [28] it was then identified as an
SL(2,C) XXX Heisenberg spin chain. For the n, = 3 Odderon, explicit solutions were
found in [24-26]. (For a comprehensive review on Odderon, see [16]. Other related works

include [29-31].)



The AdS/CFT dictionary relates string states to local operators in the gauge theory.
This can be summarized by the statement that gauge theory correlators can be found, in
the strong coupling, by the behavior of bulk (gravity) fields, ¢;(x, z), as they approach the
AdS5 boundary, z — 0,

<ef d4m¢i(x)0i(m)>CFT = Zstring [(bl(wa Z)’ZNO - (bl(x)] ’ (16)

where z > 0 extends into the AdS bulk and the left hand side is the generating function of
correlation functions in the gauge theory for the operator ;. The Maldacena conjecture
asserts that IIB superstring theory on AdSs x S® is dual to the A/ = 4 SYM conformal
field theory on the boundary of the AdS space. For QCD, we need to adopt a metric which
is asymptotically AdSs near the AdS boundary (up to asymptotic freedom logarithmic
corrections) and deformed in the infrared to model confinement. Since much of the physics
we will study takes place in the conformal region, for simplicity we begin by considering the
AdS5 x S° metric, obtaining first conformal results that strictly apply to A/ = 4 super Yang
Mills theory. Furthermore, as explained in [32, 33|, for the purpose of enumerating degrees
of freedom in a gravity dual picture, it is sufficient to count modes at the AdS boundary.
To address the effect of confinement, we consider only the hard-wall cut-off introduced by
Polchinski and Strassler [2] as a toy model for confining theories.

To be more precise, we consider IIB superstring theory, which, at low energy, has
a supergravity multiplet with several bosonic fields: a metric tensor, Gy, a dilaton ¢,
an axion (or zero form R-R field) Cp, and the NS-NS and R-R fields Byn and Co v
respectively. To identify the relevant gauge-bulk couplings, we consider an effective Born-
Infeld (BI) action plus Wess-Zumino term, describing the coupling of supergravity fields to
a single D3-brane,

S = /d% det[G + e /%(B,y, + Fu)) + /d4m(COF ANF+CyANF+Cy)), (1.7)

where u,v =1,2,3,4. Both B and (5 are anti-symmetric tensors, and will be referred to
as Kalb-Ramond fields. (In addition there is the 4-form RR field Cy that is constrained to
have a self-dual field strength, F5 = dC(4.) From the BI action, one finds that the metric
fluctuations couple to the energy-momentum tensor, which corresponds to C' = +1. For
the C = —1 sector, we find that B leads to Odderon with even parity, P = +1 and C»
leads to Odderon with P = —1.

In section 2, we provide some general remarks on applying AdS/CFT to high energy
scattering in QCD. This also serves to establish notations as well as to introduce some un-
avoidable background materials. Readers familiar with these materials can move directly
to the following sections. In section 3, we discuss the Odderon in gauge/string duality from
a target space perspective. We begin first with a qualitative discussion under an “ultra-
local” approximation. Just like the case for C' = +1, this also leads to a “red-shifted”
Odderon. This effective Odderon is linear for ¢ > 0 and is a constant near j = 1 for ¢t < 0,
with a kink at t = 0. We next introduce diffusion, moving from the flat-space scattering
to AdS. To simplify the discussion, we will focus on the conformal limit. By turning the
problem into an equivalent Schrodinger problem, the J-plane singularity follows from a



standard spectral analysis. In particular, in the conformal limit, the spectrum consists
of a continuum, corresponding to a J-plane branch-cut, (1.2). In section 3.3, we provide
a more formal interpretation of this finding from the perspective of SL(2,C') invariance.
In section 4, we turn to a world-sheet analysis by providing a more systematic treatment
of string scattering at high energies. Using OPE, we introduce vertex operators for both
C = +1, again moving from flat-space to AdS. We also provide a more general discussion on
the connection between conformal dimensions and BFKL/DGLAP operators. We discuss
in section 5 the effect of confinement deformation. We also enumerate JFC assignments
for glueball states, and point out the expected J-plane structure under confinement defor-
mation. We summarize and comment in section 6 on various related issues. We provide

)

a short discussion on the second Odderon solution, jéz ) = 1, from the strong coupling

perspective, and comment on eikonalization for C' = £1 sectors.

2 Review of gauge/string duality in the Regge limit

Before proceeding to see how the curved-space analysis for C' = 41 can be extended to
C = —1, it is useful to briefly review how various concepts involving high-energy hadron
scattering have emerged in gauge/string duality. We also provide a short discussion on
expectations for the C' = —1 sector based on flat-space string scattering as well as on
the effect of confinement deformation. For completeness, we will repeat here some of the
relevant discussions in [1]. Readers familiar with high energy hadronic collisions and the
work in ref. [1] can move directly to section 3.

2.1 AdS background and dual Pomeron

Conventional description of high-energy small-angle scattering in QCD has two components
— a soft Pomeron associated with exchanging a tensor glueball, and a hard BFKL Pomeron.
On the basis of gauge/string duality, a coherent treatment of the Pomeron was provided
in ref. [1]. In large-N QCD-like theories, with beta functions that are vanishing or small
in the ultraviolet, it has been shown how the BFKL regime and the classic Regge regime
can be described simultaneously using curved-space string theory.

One important step in this development involves the recognition that in exclusive
hadron scattering, the dual string theory amplitudes, which in flat space are exponentially
suppressed at wide angle, instead give the power laws that are expected in a gauge the-
ory [2]. It has also been shown that at large s and small ¢ the classic Regge form of the
scattering amplitude is present in certain kinematic regimes [2, 34]. Next, deep inelastic
scattering was studied [35]. At small z, the physics was found to be similar to that of weak
coupling, with a large growth in the structure functions controlled by Regge-like physics.

Regge behavior can also be approached from the IR where confinement plays a central
role. For the C' = +1 sector, it has been recognized earlier that, with confinement deforma-
tion, transverse fluctuations of the metric tensor Gn in AdS become massive, leading to
a tensor glueball [32, 33, 36]. It was suggested in [33, 37] that, at finite ), exchanging such
a tensor glueball, with its associated Regge recurrences, would lead to a Pomeron with an
intercept below 2. That is, a Pomeron can be considered as a Reggeized Massive Graviton.



The dual Pomeron was subsequently identified as a well-defined feature of the curved-
space string theory [1]. The problem reduces to finding the spectrum of a single J-plane
Schrodinger operator, or equivalently the spectrum of the boost operator M, _. For
ultraviolet-conformal theories with confinement deformation, the spectrum exhibits a set
of Regge trajectories at positive ¢, and a leading J-plane cut for negative ¢, the cross-over
point being model-dependent. (See figure 3.) For theories with logarithmically-running
couplings, one instead finds a discrete spectrum of poles at all ¢, where the Regge trajec-
tories at positive ¢ continuously become a set of slowly-varying and closely-spaced poles
at negative t. These results agree with expectations for the BFKL Pomeron at negative ¢,
and with the expected glueball spectrum at positive ¢, but provide a framework in which
they are unified [38, 39].

For conformally invariant gauge theories, the metric of the dual string theory is a

product, AdSs x W,
2 2
ds® = (%) N datdz” + <%> dr® 4 ds¥y (2.1)

where 0 < 7 < co. We use ™ for the ten-dimensional coordinates, or (z#,r,0) with 6
representing the five coordinates on W. In this paper, we will ignore coordinates 6 by
concentrating on AdSs only. For the dual to N' = 4 supersymmetric Yang-Mills theory the
AdS radius R is

R? = V! = (47 gstring N) V20! = (g3 N)Y2d/ (2.2)

and W is a 5-sphere of this same radius. We assume A > 1, so that the spacetime curvature
is small on the string scale, and gstring < 1 so that we can use string perturbation theory.
It is often more useful to change variable from r to z = R?/r, so that the AdS5 metric can
be expressed as

ds® = <§—22> (N dztdz” + dz2) + ds¥y (2.3)
Another representation which we will make use of is
ds* = e*ny, dotde” + R*du® + ds3y (2.4)
where z = Re™".

2.2 Flat-space expectation for C' = +1 sectors

Let us begin by first establishing some useful notations. Consider two-body scattering,
a+b — ¢+ d, in the near-forward limit of s large, and ¢ < 0 fixed, (with all-incoming
convention, s = —(pq + pp)? and t = —(p, + pc)?.) Another process related by crossing
is ¢+ b — a+ d, where a and ¢ denote anti-particles of a and ¢ respectively. Let us

denote amplitudes for these two processes by F and F and consider the combinations
Ff=(F+F)/2 ie.,

Fopga=F=F"+F",
Fpd=F=F"—F . (2.5)



However, since F' and F are also related by crossing, s < u, u = —(ps + pe)?, F'E, at fixed
t, will be even and odd (C' = £1) in the difference variable: v = (s — u)/2. At s large and
t fixed, v ~ s, and we shall therefore in what follows treat as if F* are even and odd in s.

For the most part, we will consider elastic scattering where a = ¢ and b = d. It follows
that the average and the difference of total cross sections at high energies are related to
C = +1 amplitudes in the forward limit where ¢ = 0 via the optical theorem, i.e.,

(o (ab) + or(ab)] ~ (2/s) Tm F*
[or(ab) — or(ab)] ~ (2/s) Im F~ . (2.6)
Let us next recall how these amplitudes are realized for string scattering in flat-space

at high energy. In a 10-dim flat-space, a crossing-even string scattering amplitude at high
energy takes on the form

_O/S)2+a’t/2 + (O/S)2+a’t/2
sin(2 + a't/2)

T (s,8) — P (a't) | , @7)

where f (+)(o/ t) is process-dependent. We will re-derive this result in section 4 using OPE
and we will also introduce a Pomeron vertex operator which allows a direct generalization
to the case of AdS background. For now, we simply note that eq. (2.7) corresponds to the
exchange of a leading closed string trajectory

a(t)=2+dt/2. (2.8)

That is, at t = 0, for C = +1, one is exchanging a massless spin-2 particle, i.e., the
ubiquitous graviton. For a closed string theory,® massless modes in light-cone gauge are
created by a pair of left-moving and right-moving level-one oscillators a; I&L ; from the
NS-NS vacuum for type-IIB superstring:

|1, 7:k) = al ;] ;INS)LINS)glk) . (2.9)

In D dimensions, there are (D — 2)? such transverse modes, which can be grouped into
D(D—3)/2 traceless-symmetric components, (D —2)(D—3)/2 anti-symmetric components,
and one component for the trace. We shall denote representative states for each by

by = > KL aik)y 1By =Y BYILJk) ¢y = _nM|IJ;k L), (2.10)
I,J I,J I,J

with !/ = k'L trh =0, B!Y = —B7! and k% = 0. Since the 10-dim type-I1IB superstring
in the low-energy limit becomes 10-dim super-gravity,these modes can be identified with

fluctuations of the metric Gy, the anti-symmetric Kalb-Ramond background By,
and the dilaton, ¢, respectively. For oriented strings, it can be shown that both the

3In the Regge limit we can ignore the fermionic modes, although strictly speaking to avoid the tachyon
and to anticipate the AdS/CFT for A/ = 4 SUSY YM, we are actually using the critical 10-dim type-1IB
superstring restricted to the NS-NS sector. For a clear introduction to this topic, see “A First Course in
String Theory”, B. Zwiebach, Cambridge, (2004).



symmetric tensor and the scalar contribute to C' = 41 and the anti-symmetric tensor
contributes to C = —1.

It is worth pointing out that, for D = 4, there are only two independent traceless-
transverse metric fluctuations, D(D — 3)/2 = 4(4 — 2)/2 = 2, which corresponds precisely
to helicity A = +2 for the massless graviton. However, in AdS/CFT, we will be dealing with
AdS5, where D = 5. This leads to 5(5 — 3)/2 = 5 independent modes, which is precisely
what is necessary for turning the graviton massive on AdSs, i.e., a tensor glueball, as
demonstrated in refs. [32, 33, 37]. This is also summarized in table 2.

For the C' = —1 sector, the amplitude behaves as

_a/5)1+a’t/2 _ (a/5)1+a’t/2

(s, — O ') |4 A ) , (2.11)

corresponding to the exchange of a closed string trajectory
a_(t)y=1+dt/2. (2.12)
This can again be understood as exchanging states lying on a leading C' = —1 trajectory.

Consider the state |B) obtained by applying ) ;; BUaJ{J&JLJ, where By = —Byy, to the
NS-NS vacuum. One can again check explicitly that these are massless, i.e., k2 = 0. It
is also useful to note that, for D = 4, there is only one independent component for the
anti-symmetric tensor, i.e., (D — 2)(D — 3)/2 = 1, which leads to a zero-helicity state.
The “helicity +1” components we are seeking are pure gauge and unphysical. That is, the
leading component must de-couple by the absence of a pole in f (_)(t) at t = 0. However,
since we will eventually be working in AdSs5, the dimension is one higher, and the number
of independent modes is (5 — 2)(5 — 3)/2 = 3, so that the desired components for spin-1
survive in this limit [33].

As we have also explained in ref. [1], in the conformal limit, gauge/string duality turns
the flat-space graviton trajectory, (2.8), into a J-plane branch cut. In sections 3 and 4, we
explain how the corresponding C' = —1 flat-space exchange, (2.12), gets modified in the
AdS-background, leading to (1.2). The strong coupling conformal Odderon is again fixed

cuts in the J-plane.

2.3 Confinement deformation

We are ultimately interested in gauge theories that are near conformally-invariant in the
UV, (broken only by logs due to asymptotic freedom), but with conformal invariance
strongly broken in the IR, resulting in a mass gap and confinement. If confinement sets in
at a scale A in the gauge theory, this leads to a change in the metric away from AdS5 x W
in the region near » ~ AR? = ry. Roughly speaking, this means that the dual string metric
is of the AdS form but with a lower cutoff on the coordinate r, so that ro < r < oo.
More precisely, for QCD, the product structure breaks down in the infrared. The precise
metric when r ~ ry depends on the details of the conformal symmetry breaking. Most of
the physics that we will study takes place in the conformal region where the metric is the
approximate AdS product (2.1). Even here we might generalize to geometries that evolve
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Figure 3. The J-plane structure for the C' = —1 sector is schematically represented by the

spectrum for hard-wall model. As t decreases, trajectories move under the fixed-cut at j = jéf)

and disappear from the physical sheet. The transition region from moving-pole to fixed cut is
model-dependent. At sufficiently large ¢ each trajectory attains a fixed slope, corresponding to the
tension of the model’s confining flux tubes. This J-plane structure for the C' = —1 sector is similar
to that for the C'= +1 sector, as depicted in figure 8 of ref. [1].

slowly with r, as in the running coupling example studied in [1]. In terms of z, the infrared
cutoff z9 = R?/ry becomes an upper cutoff. Similarly, for u, there will be a lower infrared
cutoff ug = —log(z9/R) = log(ro/R). Alternatively, we can re-define u by z = zpe™“, so
that ug = 0.

In kinematic regimes where confinement plays no role, it is sufficient to adopt the AdS
metric, appropriate for conformally-invariant theories. To consider the generic effects of
confinement, it is sufficient to modify the metric near r ~ rg, while keeping the ultraviolet
nearly conformal. A simple example of such a theory is the A/ = 1* model studied in [40].
This discussion is by necessity less precise than the previous ones, simply because there
is model-dependence in the confining region. Typically the space is cut off, or rounded
off, in some natural way at r = rg. This allows one to make as many model-independent
remarks as possible, and examine where model-dependence is to be found. This leads to
a theory with a discrete hadron spectrum, with mass splittings of order A among hadrons
of spin < 2. The theory will also have confining flux tubes (assuming these are stable)
with tension 1/af = 2v/AA?%; the same scale sets the slope of the Regge trajectories for
the high-spin hadrons of the theory. Note the separation of the two energy scales, A and
aal/Q, by a factor of A1/4; this is an important feature of the large-A regime.

Since the metric is changed near 7o, the associated Schrodinger problem approaches
the conformal limit only for r > r9. However, for —t > A2, it has been shown in [1]
that the effective potential is insensitive to the region near rg. This is consistent with
the expectation in the QCD literature that the BFKL calculation is infrared-safe for large
negative t, while the effects of confinement become important as ¢t — 07, and for ¢ > 0.
For illustrative purpose, it is instructive to work with a “hard-wall” toy model. The main
advantage of the hard-wall model is that it can be treated analytically. Since the metric is
still AdSs x W, we have the same quantum mechanics problem to solve as in the conformal
case except for a cutoff on the space at rg. While this model is not a fully consistent theory,
it does capture key features of confining theories with string theoretic dual descriptions.
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For instance, the resulting J-plane spectrum which exhibits a set of Regge trajectories at
positive ¢ and the presence of an BFKL cut can be schematically represented by figure 3.
We will return to these features for both C' = 41 sectors in section 5.

3 Conformal Odderon propagator in target space

In this section, we begin by first providing a simplified discussion for both the C' = +1
sectors based on the “ultra-local” approximation. Just like the case for the Pomeron
discussed in [1], this leads to a “red-shifted” Odderon. This effective Odderon is linear for
t > 0 and is a constant near j = 1 for ¢ < 0, with a kink at ¢ = 0. We next introduce
diffusion, moving from the flat-space scattering to AdS. We will restrict ourselves to the
conformal limit. By turning the problem into an equivalent Schrédinger problem, the J-
plane singularity follows from a standard spectral analysis. In particular, in the conformal
limit, the spectrum consists of a continuum, corresponding to a J-plane branch-cut, (1.2).

3.1 Ultra-local approximation

To see how Regge behavior differs in a curved-space from a flat-space, let us begin by
providing an heuristic treatment. In the case of AdS, let us first assume that scattering
takes place “locally”, i.e., only when all particles are located at the same r. The local
inertial quantities are

. R? . R?

S:ﬁs, t:ﬁt, (31)
and, with r fixed, the ten-dimensional scattering process remains in the Regge regime when
s is sufficiently large. Thus at fixed r we have, instead of (2.7) and (2.11),

T (3,1) ~ O (/D) (/5) 0 OFH2 o goeObala(r)t/2, (3.2)
where a4 (0) =2, a_(0) =1, and

R%o/
O/eff(r) = r2 (33)
with f(*) process-dependent functions. We have also left out wave functions, {¢;(r)}, for
four external hadrons. It follows that one arrives at scattering in 4-dim by summing over

the AdS radius, i.e.,
T (s,) ~ / dr V=G T (5,%), (3.4)

leading to a 4-dim Pomeron and Odderon respectively by superpositions. By examining
the exponent of s, we see that the intercepts at t = 0 remain at 2 and 1 respectively, just
as in flat spacetime. We also see that the slope of ¢, o/, depends on 7. It is as though, in
this “ultralocal” approximation, each pair of five-dimensional Pomeron and Odderon gives
rise to a continuum of four-dimensional Pomerons and Odderons, one pair for each value
of 7 and each with a slope ~ 1/r2.4

4 The notion of a tension depending on a fifth dimension dates to [41]. The idea of superposing many
five-dimensional Odderons is conceptually anticipated in the work of [34].
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Figure 4. In the ultralocal approximation, the leading singularity for C' = —1 (the singularity
with largest j at fixed t) is the usual linear Regge trajectory for ¢ > 0 but is a constant at j = 1
for t < 0. The ultralocal picture for C' = +1 is identical, except for the intercept at ¢ = 0 shifted
up to j = 2, as illustrated by figure 1 of ref. [1].

At large s, the highest trajectory will dominate. Recall, for the Pomeron, at positive
t, this would be the one at the minimum value ry:

() / / R _
Qo (1) 224+ ag(t>0)t, and ag(t>0) = o =00 (3.5)
0

For negative ¢, it would be the trajectories at large r. The wavefunctions in the superposi-
tion (3.4) make the integral converge at large r, so at any given s the dominant r is finite,
but as s increases the dominant » moves slowly toward co and so we have

alg(t <0)~0. (3.6)

Same analysis also applies to the Odderon. For positive ¢, the effective Odderon sits
at small r and so its properties are determined by the confining dynamics. At negative t,
the effective “spin” of an exchanged Odderon is
4
a‘g&)(t) ~1+ %%t (3.7)
The largest value sits at large r and so is effectively a very small object, analogous to the
tiny (and therefore perturbative) three-gluon Odderon.
This is illustrated schematically in figure 4. We see that, under this approximation,
the dominant Odderon trajectory has a kink at ¢ = 0, as noted in [1] for the Pomeron.

3.2 Diffusion in AdS

However, the ultralocal approximation ignores diffusion in AdS. Regge behavior is intrin-
sically non-local in the transverse space. For flat-space scattering in 4-dimension, the
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transverse space is the 2-dimensional impact space, b. In the Regge limit of s large and
t < 0, the momentum transfer is transverse. Going to the b-space,

t— Vi, (3.8)

and the flat-space Regge propagator, for both C' = +1 sectors, is nothing but a diffu-

sion kernel
o—(6-V)?/(20"%7)

L (D-2)/2

with 7 = log(s), a4 (0) = 2 and a_(0) = 1. Therefore, in moving to a ten-dimensional

< l_)’| (O/S)ai(O)-l—o/t/Q | l_)'/ > N (als)ai(O) (39)

momentum transfer ¢, we must keep a term previously dropped, coming from the momen-
tum transfer in the six transverse directions.
Let us first focus on the C' = +1 sector. This extra term leads to diffusion in extra-
directions, i.e.,
o/ R?
r2

VitdAlp. (3.10)

ot — dAp =

The transverse Laplacian is proportional to R~2, so that the added term is indeed of order
o/R? =1/ VA. The Laplacian acts in the t-channel, on the product of the wavefunctions
of states 1 and 2 (or 3 and 4). The subscript P indicates that we must use the appropriate
curved spacetime Laplacian for the Pomeron being exchanged in the ¢-channel [1]. We
see that §1/2 ~ e(@Ar/27 i now a diffusion operator in all eight transverse dimensions,
not just the Minkowski directions. By ignoring the 6 variables, A | p involves only the
AdS radius r.

To obtain the C' = +1 Regge exponents we will have to diagonalize the differential
operator (3.10). Instead of an “ultralocal” Pomeron, we will have a more normal spec-

5

tral problem.? Using a Mellin transform, fooo ds 57771 the Regge propagator can be

expressed as

2+a't/2 _ dj s/

§rat/2 — omi 0 oAp )2 (3.11)
As shown in [1], Ap ~ A;, the tensorial Laplacian, and it is related to the scalar AdS
Laplacian Ag by A; = r7 Ag r~J. Making use of the EOM for traceless-transverse metric
fluctuations, Ashpyn = 0, it is sufficient to replace A; by Ay for determining the first
strong coupling correction, O(1/ \/X), to the Pomeron intercept, (1.1). It is also convenient
to introduced a J-plane C' = 41 propagator G+ (j).

1
+) () =
G () PRy (3.12)

In ref. [1], one finds that this leads to a J-plane cut. We will return to this shortly.
A similar analysis can next be carried out for the C' = —1 sector. In moving to AdS,
we simply replace the Regge kernel by

. di . dj 5
Atz _ [ Y oAy~ [ Y 1
° /2772'8 G0 /2m' J—1—a'Ao/2 (3.13)

®The structure that we find in AdS/CFT, where the trajectories are given by the eigenvalues of an

effective Hamiltonian, closely parallels to that found by BFKL in perturbation theory.
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where we have again introduced a J-plane C' = —1 propagator. The operator Ap(j) can
be fixed by examining the EOM at j = 1 for the associated super-gravity fluctuations
responsible for this exchange, i.e., the anti-symmetric Kalb-Ramond field, Bp;ny. There
are two classes of EOM’s:

(Dtasewerl — (5 +DH)BY =0, (Oytaewens — KB =0 (3.14)

k=0,1,2,---, where Oyfaxwen stands for the Maxwell operator defined in eq. A.2. However,
for k # 0, there would be associated fluctuations on W, which we ignore, thus leaving two
solutions, both for £k = 0. We also normalize the [yjaxwenl Operator so that its component
in flat transverse directions is (R*/r?)VZ. For both cases, we have

1

G(j) = - 3.15
S Y23 (RN (3.15)

where the AdS mass-squared are’
mQAdSJ =16 s m2AdS,2 =0. (316)

We are now in position to demonstrate that (3.12) and (3.15) lead to diffusion in AdS
for C = +1 and C' = —1 sectors respectively. We shall treat both cases in parallel. It is con-
venient to switch to coordinate z = R?/r for the AdS coordinate. Denote matrix elements
by GH) (2,2, 4,t) = (z;t |GH) ()| 2;t), we adopt a normalization so that (22/)2G*) each
satisfies a standard AdSj scalar equation. Indeed, at j = 2 and j = 1 respectively, each
reduces precisely to the equation for an AdSs scalar propagator, up to a constant factor
2v/\. It is actually simpler to deal with G directly, and one finds

(1/2VN) {=20.20, + 22t + mi(j)} GH) (2,25 4,t) = 2 6(2 — 2) (3.17)

where m2 (j) = 2vA(j — 2) +4 and m2 (j) = 2V A(j — 1) —i—mids,i. G™) can now be found
by a standard spectral analysis.

Recall that a diffusion operator resembles a Schrédinger operator in imaginary time,
and the desired diagonalization can be similarly treated. To turn this into a conventional

—u

Schrodinger-like equation, introduce a new variable u, where z = zpe™ and zy arbitrary.

For simplicity, we will set zg = 1 in what follows. Aside from the J-dependent term m3 (),
we need only to solve a standard Schrodinger eigenvalue problem, e.g.,

HE U (u) = [-02 + V(u, )| ¥g(u) = EVg(u) (3.18)

with V (u,t) = —te~2*. We can simplify the problem further by considering ¢ = 0 first.
This has the same eigenstates as a free particle. The spectral representation” for G* at

t=0is
) , 221/(u u’)
G (2,255,0 \/—/ = (3.19)

with j(()i) given by (1.1) and (1.2), and D = 2/\/X

5In our normalization, these are dimensionless. Formally, the second solution can be gauged away.
However, we leave it here for now and will return to have a more careful discussion later.
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Upon taking an inverse Mellin transform, it follows that
—2(u—u')2 /DT

<Z;0’§ai(0)+a’t~/2’2/;0> _ ejéi)r €
DT

(3.20)

where we have 7 = log 5. This is the same type of behavior found by BFKL in perturbative
context. Here, it corresponds to diffusion in AdS. In particular, we can identify j((]i) as the
strong coupling limit of the Pomeron and Odderon intercepts respectively. Also from (3.19),
one can verify that there is a branch point in the J-plane ending at j(()i), as summarized
in table 1, for both C = +1.

For t # 0, the eigenvalue problem can again be solved in terms of Bessel functions

while the spectrum remains unchanged. Instead of (3.19), one has

G(i)(z, 25 4,t)

dv vsinh 27y

_2 > Ko (|12 ) K_auy ([t/2e7) )
S o (3.21)
Var? J o J—1Jy +Dv

Therefore, the spectrum in the J-plane remains a fixed cut at j = j(()i).

It is also useful to explore the conformal invariance as the isometry of transverse AdSs5.
As shown in [9], upon taking a two-dimensional Fourier transform with respect to ¢, , where
t= —qi, one finds that G(i)(z, zt, 2, m'L;j) can be expressed simply as

1 e@-a® (e

G(i) 1 / 1L, — 322
(271. 7271. 7]) 471—22, Slnhf ( )

The variable ¢ is related to the AdS3 chordal distance

1 1N2 N2
S e el k) (3.23)
222!
by cosh& =1+ v, and
. . (£

A®(G) =24+ VI (G - 55 (3.24)

is a J-dependent effective AdS5 conformal dimension.®
For completeness, we note that, for both C' = +1 and C' = —1, it is useful to introduce

Pomeron and Odderon kernels in a mixed-representation,

KE) (s, z,at, 2 a't) ~ <(ZZI)2> /d—j [M} GH(z,zt, 2 a5 5) . (3.25)

R* 271 sinj

To obtain scattering amplitudes, we simply fold these kernels with external wave functions.
eq. (3.25) also serves as the starting point for eikonalization; we will return to this point
in section 6.

8For A large, AT (j) ~ /2 A4 /T=2+0(1) for j > 2. This feature has also been emphasized recently
by Hofman and Maldacena [42] in a related context. For Regge, we are interested in the region A ~ 2 where
jéﬂ < j < 2. Note that A(+)(2) = 4 for all A, due to energy-momentum conservation. We will return to

this point in section 4.3.
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3.3 Conformal geometry at high energies

We now turn to a brief discussion on the conformal invariance of the C' = +1 kernels,
G®H)(j). As pointed out in ref. [9] the strong coupling AdS Pomeron (C' = +1) kernel
is almost completely determined by conformal symmetry or more precisely the subgroup
of the conformal group that commutes with the boost operator M, _. In the dual theory
this subgroup corresponds to the SL(2,C') isometries of the Euclidean AdSs submanifold
transverse to the lightcone co-ordinates: z¥ & 3, (see appendix B for details.) As such it
plays the same role as the little group which commutes with the energy operator Fy. Here
we extend this observation to the Odderon (C' = —1) kernel.

Consider a general n-particle scattering amplitude, A(p1,p2, - pn). Regge exchange
corresponds to having a large rapidity gap separating the n particles into two sets: the
right movers and left movers, with large p,” = (p? + p3)/v/2 and large p, = (p) — p})/V2
momenta respectively [1, 9]. The C' = %1 kernels are obtained by applying this limit to the
leading diagrams, in the 1/N, expansion, that carries respective vacuum quantum numbers
in the t-channel. The rapidity gaps, In(p;" P, ), between any right- and left-moving particles
are all O(log s), i.e., a large Lorentz boost, exp[yM, ], with y ~ log s, is required to switch
from the frame comoving with the left movers to the frame comoving with the right movers.
Clearly, the large y behavior is controlled by the leading spectrum of M, _.

Since the J-plane is conjugate to rapidity, upon taking a Mellin transform, the spec-
trum of the boost generator M, _ can be found by examining the resolvent, (j — M, _)~!.
This resolvent is nothing but the Regge propagator for C' = £1 respectively. To evaluate
this propagator, we can go to a basis where M, _ is diagonal. Since M, _ commutes with
all the generators of SL(2, ('), one finds that the propagator (j — M, _)~! can be expressed
in terms of SL(2,C') Casimirs.

From a more intuitive perspective, one recognizes that high energy small-angle scatter-
ing can be separated into longitudinal and transverse, relative to the momentum direction
of the incoming particles. The transverse subspace of AdS5 is AdSs. It is therefore not sur-
prising to find that the co-ordinate representation for both the C' = +1 Regge propagators
can be expressed as bulk-to-bulk scalar propagators in the transverse Euclidean AdS3 with
SL(2,C) isometries. Very likely this is a generic property in all conformal gauge theories.

In appendix B, we briefly review how SL(2,C) generator algebra can be realized on
AdSs. In general, unitary representations of SL(2,C) are labeled by h = iv + (1 +n)/2,
and h = iv+ (1 —mn)/2, which are the eigenvalues for the highest-weight state of Jy and Jy.
The principal series is given by real v and integer n. For our leading order strong coupling
Pomeron and Odderon, one finds that J? = J2 = —(1/4 + v?); we are thus restricted to
n =h —h =0 and are insensitive to rotations in the impact parameter plane by M.

Let us focus here on the C' = —1 sector. To leading order in strong coupling, the boost
operator can be expressed as M, =1 — HJ(;)/(Q\/X) + O(1/X), with g given by the
DE obeyed by the propagator G(7), or equivalently, z2/G(7), i.e., eq. (B.4). From (B.7),
we find

H = —2%0.2710. = 22V2 4+ miys— 1= 272 —2]% 4+ miys — 1. (3.26)
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After a similarity transformation, HJ(:) can be diagonalized by a Fourier transform, with

eigenvalue —oo < v < oo and eigenfunction

1 e2iv€
" 4msinh ¢

Y, (v) (3.27)

It follows that the boost operator My _ is diagonal in the v-basis and, in the strong coupling,
My_ — O w) =47 = Du® + 00 . (3.28)

with 5 =1 —m2 g/VA and D = 2/VX.
We are now in the position to put everything together, for both C' = +1 and C' = —1.
It is useful to introduce Pomeron and Odderon propagators in a mixed-representation,

(%) /d—” +Yy(v). (3.29)
zZZ s j—j( )—i—'Dl/Q

0

L2 2t ), given by eq. (3.22).

Closing the v-contour, one obtains G(i)(z, T
It is interesting to note that this strong coupling Hamiltonian structure, (3.26), is
similar to the weak coupling one-loop n, gluon BFKL spin chain operator in the large N,

limit. Here the boost operator is approximated by M, _ =1 — (aN./7)HprkL, where

1

Hprkr = S M i) + H(TE )], (3.30)
=1

is a sum over two-body operators with holomorphic and anti-holomorphic functions of the
Casimir. The Yang-Mills coupling is defined as o = ¢3,,/47. Even numbers of gluons (ng)
contribute to the BFKL Pomeron with charge conjugations C' = +1 and odd number of
gluons to the weak coupling Odderon [22, 24-26] with charge conjugations C' = —1. More
discussion on the relation between the strong-coupling and weak-coupling limits can be
found in [9].

4 Odderon vertex on the world-sheet

It has been demonstrated in ref. [1] that Regge behavior for string scattering in flat-space
follows from an OPE on world-sheet. Since the flat space (super) string is integrable with
an explicit closed form for the amplitude, it is possible to define in closed form the on-shell
Reggeon vertex. For example the on-shell Pomeron vertex is given by

Vi = (20XFOXE Jo )Tt AcFIRX (4.1)

(See [42] for a related discussion.) This operator (and a similar Reggeized gauge field
operator for the open string) enables a very elegant direct evaluation of Regge and multi-
Regge amplitudes reproducing all the results in the early literature, for example as reviewed
in ref. [43] for the open string.

In AdSs x S°, without a closed form solution for amplitudes, no closed form particle
or Regge vertex operator has been constructed. However ref. [1] did succeed in finding
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the Pomeron vertex to leading order in the strong coupling approximation. A key step
involves in identifying the Pomeron source as a generalized (1,1) conformal worldsheet
vertex operator, satisfying the on-shell conditions: Ly = Lo = 1. Here we will generalize
this analysis for the Odderon.

We begin by treating the bosonic sector of the supergravition multiplet in flat space
introduced in section 2.2, eq. (2.10). The natural guess is to take the high energy limit for
a more general Reggeon operator insertion,

V(T) = (TyndXMOXN Jo/ 1ot ATk X (4.2)

where one can expand V(T) into a leading symmetric traceless (hyy), antisymmetric
(Byn) and the trace (¢ masn) contributions, appropriate for the Pomeron, Odderon
and dilaton respectively. Generalization to the entire supergravity multiplet including
the Fermionic fields is straight forward in principle but truncating to bosonic degrees of
freedom has the advantage of being able drop all world sheet Grassmann variables from
the outset.

4.1 Pomeron/Odderon vertex operator in Flatland

One of the key observation made in [1] is the recognition that Regge behavior in flat-space
scattering follows also directly from the world sheet OPE. For instance, for the standard
bosonic closed string scattering involving 4 external tachyons, the amplitude is given by

Ay = / 2 (¢ X(0) gipa X (w0) gips- X (1) gips-X (00)y
_ /d2’w |w|747a/t/2|1 . w|f4fa’s/2 (43)

In the Regge limit, defined by |s| — oo along the positive imaginary axis, the second factor
can be approximated by |1 — w|~47'8/2 ~ e's(w+®)/4 Jeading to a cutoff, |w| = O(1/s).

This is equivalent to keeping the first non-trivial term,

cip1 - X(0) jip2 - X (w, ) —a't/2 ik - X(0) +ipy - (wd +w-0)X(0) (4.4)

—4
~ [wl

in the OPE. Regge behavior then follows,

/d2w|w|4a/t/2ea’s(w+w)/4 _ H(Oé(t)) Sa(t) , (45)
where et
o T(=a(t)/2) ey €TV +1
M) = 2" 5172 — (46)

and a(t) =2+ o't/2.

We note that the terms 9.X;(0) and X v (0) in (4.4) single out the level-one oscillators,
a]i, o and d; y that contribute to states on the leading Regge trajectory. We also note that,
with (4.6), eq. (4.5) can be expressed as (2.7), appropriate for an C' = +1 exchange.

To generalize this to the C' = —1 sector we must go beyond elastic tachyon amplitude.

Due to symmetry under crossing, s < u, only C' = 41 states, which are even under
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worldsheet parity, couple in the t-channel. The odd sector couples first in the four point
amplitude involving two external C' = —1 states, one initial and one final in the t-channel.
This is due to world-sheet parity conservation. It is also useful to consider the general case
of scattering involving an arbitrary number of external particles of different types. The
amplitude can be calculated at the tree-level as an integral

A, = /d2w2d2w3 codPwy o < ViVa-- -V > (4.7)

where V; are the corresponding vertex operators, including that for C' = —1 states. (Here,
we have also made use of M&bius invariance to fix three points, i.e., wy, w,—1 and w,.) In
the Regge limit, one factorizes this into left- and right-moving, denoted by Wg and Wy, for
sets of g right-moving and [, left-moving vertex operators together with their associated
lr — 2 and [, — 2 world-sheet integrations.

Ay = / 2w <WRwL0*2wE0*2WL> . (4.8)

Integrating over [ d?>w leads to level matching conditions Ly = Ly and the string propagator
(Lo+Lo—2)~!. It was also demonstrated in [1] that the leading Regge behavior corresponds
to satisfying the J-plane constraint,

Lo(j,t) = Lo(j,t) = j/2 —d't/d=1, or j=2+dt/2. (4.9)

which interpolates through the physical states on the leading trajectory. Taken together
these constraints can be represented by an inverse Mellin transform,

; F() 6, :
Ay~ / 4 : b) _Lorlo . (4.10)
2mi LO(.]’t) +L0(.]’t) -2

The residue is evaluated by the insertion of Reggeon vertex operator and the integral
performed by contour integration over the pole at j = 2 + o/t/2. For example in the
Pomeron case the result [1] was A, ~ I(a(t)) (Wg Vp) (Vi Wi), or more explicitly by a
large relative boost, exp[—yM, _], for the states Wy and Wg back to their approximate
rest frames (denoted by a subscript 0),

Ay ~ T(a(t))(5/50) 72 (Wro Vi ) (Vi Wi (4.11)

where the large boost parameter (or rapidity gap) is y = log(s/sg). The result (4.11) has
a simple interpretation as a Pomeron propagator, (s/ 30)2+°‘/t/ 2 times the couplings of the
Pomeron to the two sets of vertex operators. To clarify this consider again the simple case
of the 4-point function at ¢ = 0. In this case, one needs only to evaluate the following
3-point function,

<6ip1.X(1)6ip2-X(2) eq:ik-X(w,ﬂ}) (hMNaXMéXN/O/» , (412)

where kK = p; + p2 and k- (p1 — p2) = 0. Note that this is analogous to a graviton-
tachyon-tachyon coupling vertex. In CM, and using LC coordinates, p; o have large “+ 7
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components, O(/s), if they are R-moving, and large “—” components, if they are L-moving.
The corresponding small components are O(1/4/s), and components orthogonal to + are

O(1). From the commutation relations, [a}, afr] = +1, the dominant contribution at large
s comes from h_ _ (for R-moving) and hy 4 (for L-moving), leading to the dominant LC

components, (4.1). The analysis above holds also for ¢ # 0 and can be carried out for
general n-point amplitudes, leading to (4.11).
Returning to the general case insert the operator,

V(T) = (TyndXMOXN fof )1t eFik X (4.13)

and factorize the tensor and take the high energy limit. The leading term on-shell at ¢t = 0
defines 3 vertex operators:

Wg e hpynoXMOXNY ~ Wg e h__0X~0X ™) = O(s) ,

Wg e ByndXMaxNy ~ (Wg e*¥B_ | (X 0X+ —0X19X 7)) = O(Vs) ,

Wg e nyunoXMoxNy ~ O(1) . (4.14)

’

For t # 0 the leading term picks up a common factor of (aX_éX_)aTt on the left,

[(harn + B )oXMaX N5 (4.15)

~ |h__(0X"8X")+ B_ (0X BX* - aXiéx—)] (OX~ax")T .
For Wy, we need to replace X~ by X+, with a common factor (3X+5X+)aTt on the right.
When they are combined, the symmetric combination, i.e., the first term above, leads to the
Pomeron vertex operator. The anti-symmetric combination, the second term, contributing

to 1/s down relative to the first term, corresponds to an Odderon exchange.
In analogy with V%, we can now define an Odderon vertex operator

VE = (26,1 0XFTOXL /') (20X EOXTE Ja/ )t/ ATk (4.16)

which characterizes the exchange of a leading Odderon. Here €4 | = —e; 4. Just as for
the Pomeron, this is an on-shell vertex operator, satisfying the on-shell conditions

LoV = LoVE =V} (4.17)

In particular, this leading Regge trajectory interpolates those states created by level-one

oscillators, aJLM and &J{,M’ with j = 2n+ 1, t, = 4n 0/71, n = 0,1,---, and can be
characterized by an Odderon trajectory
W) =14a't/2, or Lo(j,t)=Lo(j,t) =(G+1)/2—a't/a=1 (4.18)
Again we may boost the states back to their rest frame,
Ay ~ T (@) (1)) (5/50)* 7O (Wro V5 ) (VE Wio) - (4.19)

to explicitly obtain the Odderon Regge amplitude. Here, IT_ (o) = II(a + 1), and (4.19) is
of the form (2.11), appropriate for an crossing-odd exchange.
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Let us next briefly comment on the couplings of the Odderon, i.e., (WgoV,) and
<V5 WL0>. Note that Vp and Vo have opposite symmetry under 9 < 0, even and odd for
Vp and Vo respectively. For oriented closed strings, the theory should be invariant under
w < w. It follows that non-vanishing coupling (Wg V;) and (W, V7)) would require Wg 1,
to be odd under w « w. For example, tachyon and graviton vertex operators V; and V, are
even under w < w. It follows that couplings involving n-tachyons and an Odderon vanish.
To be precise, (WgV,) and (W, VJ) are non-zero only if Wg 1, are odd under w < .
Conversely, (WgVp) and (W, V}5) are non-zero only if Wg 1, are even under w < w. It
is worth mentioning that our discussion for the Pomeron and Odderon vertex operators
also apply to couplings with branes, which can be used to model “mesons”. It should also
apply in the case of baryons. One can also generalize to the Fermionic sector, as discussed
briefly in [1].

4.2 Pomeron and Odderon in AdS

We next extend the flat-space results to the case of an AdS background. We will focus on
AdSs without confinement deformation. In the limit of large A, (A = R*/a'?), the world
sheet path integral will be Gaussian. As emphasized in [1] for the Pomeron, we need to
generalize the vertex operator to include a string wave function in AdS. In enforcing the
on-shell condition, we must diagonalize Ly and Ly by going to a basis of definite spin. As
we demonstrate below, making use of the analysis in section 3.2, a complete diagonalization
can be carried out.

For the C' = +1 sector, let us begin by considering the vertex operator in a definite
spin basis to have the form

Vp(j, ) = (0XFOXE)2eFH X5 (). (4.20)

From the physical state conditions, LoVp(j, £) = LoVp(j, £) = Vp(j, %), one has, up to
O(1/v/)\) corrections, [% - %Aj]eﬂk'X(bij(Y) = 0. The on-shell condition can again be
expressed in terms of a Mellin transform,

/ b4 O . (4.21)
2mi Lo(j) + Lo(4) — 2

It is convenient to first perform a similarity transformation, (r/R)Y=2[Lo(j) + Lo(j) —
2|71 (r/R)~U~2), leading to the J-plane Pomeron kernel is

G(j) = !

A (4.22)

and we have replaced o/ by R?/ VvX. Note that this is precisely the Pomeron propagator
introduced earlier, (3.12), by a diffusion consideration.

As shown in section (3.2), Ag can be diagonalized using the u-basis, with the introduc-
tion of another continuous quantum number v. In this basis, ¢4 ; ~ U2 Ko ([t 2e=v) |
D=2/ \/X, and the Pomeron vertex operator takes on the form

Vp(j, v, by £) ~ (OXEOXE)2eFR X U-2u g, (1126 . (4.23)
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(More discussion for these solutions can be found in [1].) Following next the same steps
done for the flat space, e.g., boosting back to the respective rest frames of L- and R-moving

particles, we arrive at, for C' = +1,

dj dvv sinh 27y I1(4) s/ . .
T(+) ~ / j / ) (E;y)) <WR0 VP(.]’V’ ka_)> <VP(.]’V’ ka+)WLO>,
2mi U j—jo" + D2

(4.24)
where II(j) leads to a signature factor, appropriate for 7) being even in s. Closing the

contour at v = i\/4y\/(j — jé+)) /2 directly leads to the desired final result obtained in [1].
We are now in the position to generalize to the case of Odderon by following the same

steps. Going to the J-plane, we introduce a vertex operator
Vo(j, +) = (0X*0XL — X L9X*)(0X+9XE) T Fh X (r). (4.25)
The physical state condition, LOVOjE (5) = f/OVOjE (j) = V5 (j), will then give us
[] +1

- ZAO,j:| G1ji(r) = duaju(r). (4.26)

We can again perform a similarity transformation, ¢4, = (r/ R)(j _1)¢i, 1, and arrive at

a J-plane Odderon propagator,

B 1

S j—1-(R2/2VN) A0,
where Ap j = (r/R)"U=Y(Ap1)(r/R)Y~Y. To determine the diffusion operator for Odd-
eron, Ao 1, we can match the EOM at j = 1, appropriate in the infinite A limit.

G(f)(j) (4.27)

The EOM in this case involves a Maxwell operator, and in general will also involve
an AdS mass. Both the Maxwell operator and the AdS mass squared, mids, can be fixed
by a proper identification of the B,,, state of string theory at j = 1 using the AdS/CFT
dictionary [33]. In [33, 44] it was found that a 2-form field in AdS space has two solutions,
corresponding to mids = 16 and mids =0.

As done for the Pomeron, to O(1/v/)\), after writing out the Maxwell operator, we
have, for z # 2/, and for j ~ 1, G(-)(j) satisfies the C'= —1 part of eq. (3.17). Again, the
wave function, ¢4 |, satisfies the same DE. Changing variable to u = —In(z/z), we get
At o, 1

o2
2 2v/\

This equation can again be diagonalized by v, with

(97 — mias) |+ (u) = 0. (4.28)

1

gt~ UK (4126 | and GO = ——
Jj—1Jo  + Dv?

(4.29)

where j(f) =1- m?/2\/x, eq. (1.2). In this basis, the Odderon vertex operator takes on
the form

Vo, v, k,£) ~ (OXTIXL — 0XLIXE)(OXTIXE) T eFikXU—Dufe o (|2 )
(4.30)
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Following the same steps done for C' = +1, we arrive at

_ dj dvvsinh 27y T (j) &7 . .
T( ) ~ /—j/ - (_(.)]) <WR0 VO(]aVaka _)> <VO(.]’V’ ka+) WL0>
271 T j—3jy  +Dv2

(4.31)

where we again have a signature factor appropriate for amplitude being odd in s. Closing

the contour at v = iX"/4\/(j — j((]Jr)) /2 directly leads to the desired final result.

Recall that there are two solutions for the conformal Odderon. For mQAdS = 16,
Joh =1-8/VA+0(1/\) (4.32)

and, for mids =0,
Joy =1+0(1/3), (4.33)

as summarized in table 1.

4.3 Conformal dimensions, and BFKL/DGLAP connection

We end this section with a brief discussion on the quantity A (j), defined in eq. (3.24),
which sets the dimension A as a function of Lorentz spin Jpopent, for the BFKL/DGLAP
operators for C' = +1 sector respectively. This connection was first emphasized in ref. [1].
The analytic continuation from DGLAP to BFKL operators has been discussed at weak
coupling for some time [45-48]. Recently, it was conjectured to be exact at weak coupling
in /' = 4 Yang-Mills theory [10]. The demonstration of this relationship in all large-\
conformal theories, and the derivation of the formula for A() (7), is given in section 3
of [1], where the existence of the single function A (5) with j = j(()+) at A = 2 (the
BFKL exponent) and j = 2 at A = 4 (for the energy-momentum tensor, the first DGLAP
operator) was demonstrated.

The AdS/CFT dictionary relates string states to local operators in the gauge theory.
This can be summarized by the statement that gauge theory correlators can be found, in
the strong coupling, by behavior of bulk (gravity) fields, ¢;(z,z), as they approach the
AdS5 boundary, z — 0,

(ef Pre @O D) (pp = Zring [01(2, 2) 0 — Gi(@)] (4.34)

where z > 0 extends into the AdS bulk and the left hand side is the generating function
of correlation functions in the gauge theory for the operator ;. For instance, in the case
where ¢(z, z) is the dilaton field in the bulk, it is well-known that the corresponding gauge
theory operator O is TrF?2.

Let us next consider the diagonalized Pomeron and Odderon vertex operators. For
simplicity, we consider the ¢ = 0 limit, where they become:

Vp(j,v,0,4) ~ (0XTOXT)2li—2E20)u (4.35)
Volj,v,0,%) ~ (OXTIXL — 9XLIXE)(0XEIXE) T eli—1E2w)u (4.36)
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Figure 5. Schematic form of the A®) — j curves. For C' = 41, we show in blue the curves (A(+))
for both the limit A > 1 and A < 1. (figure 2 of ref. [1].) The curve for C = —1 (A7) at A > 1 is
shown in red, for the branch m3 4 = 16. The dashed lines show the A = 0 DGLAP branch (slope
1), BFKL branch (slope 0), and inverted DGLAP branch (slope —1) for both C' = +1. Note that
the C' = +1 curves pass through the points (4,2) and (0,2) where the anomalous dimension must
vanish. For C' = —1, the curve pass through the points (6,1) and (-2,1). The inversion symmetry
A — 4 — A is shown explicitly. Note also that, Lorentz spin and SO(3) spin are related by Ji, = j
and J, = j+ 1 for C = 41 and C' = —1 respectively.

These vertex operators for integer j > 2 and j > 1 respectively correspond to the lightest
string states of given spin, and so are dual to the lowest dimension operators of those
spins. Therefore, in the large A limit, the physical state conditions, Ly = Ly = 1, would
determine the dimensions of the leading twist operators. Let us examine the Pomeron and
the Odderon vertex operators from this perspective.

For C = 41, Vp at the AdS boundary will couple to a gauge invariant opera-
tor O ie.,

/ e O Vp (4.37)

where O(+) is an operator of dimension A(t) and Lorentz spin J;. By examining the
number of Lorentz indices, we have J;, = j. At j = 2, Vp couples to the energy-momentum
tensor, whose gauge part is tr(FjLqu’f ). For general j, as a leading twist operator, its gauge
part is tr(FJrHDiL_QF_‘:), with the twist given by

=AM g (4.38)

At j =2, A(+)(2) = 4, corresponding to twist two. Due to energy-momentum conservation,
anomalous dimension vanishes there, as expected.

To determine A (5), let us first examine the scale transformation for Vp. Under
scale transformation, if du ~ €, then 60X ~ —eX. If ¢j; ~ ¥, ¢ = j — 2+ 2iv, it follows
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Vj; scales with a dimension 2 — 2iv. Therefore?

A =4 — (2 - 2iv) =2+ 2iv (4.39)
On the other hand, from
j=4" - D2 (4.40)
one has
A (G) =24 V2 A4 /5 — 5T (4.41)
or
j =3+ (1/2v 0 (A — 2)? (4.42)

as depicted in figure 5. As noted earlier, A = 4 for J;, = j = 2, due to energy-momentum
conservation. Note also that the curve is symmetric in A <« 4 — A, reflecting inversion
symmetry in AdSs. The intercept for the conformal Pomeron can be read off as the
minimum j-value at A = 2. (See table 1.)

We can repeat the same step for C' = —1. One again arrives at
A =24 25y (4.43)
The corresponding A — j curve is

i =357+ a2V a0 —2)2 (4.44)

ALy =24+ V2 A4/ — 57 (4.45)

Note that the curve is again symmetric about A(-) = 2. The Odderon intercept can again

or

be read off as the minimum J-value at A=) = 2. We also note, at j = 1, Vo has Lorentz
spin 2, Jp, =2, thus j = Jp — 1.

There are now two branches. Consider first the branch where mQAdS =16. At j =1, one
has A() = 6. With Lorentz spin 2, it follows that this corresponds to a twist-4 operator,
whose gauge component can be identified with ¢r(F, | F?). Due to charge conservation,
anomalous dimension again vanishes there. For general Jr, (Jr = j + 1), Vo couples to
tr(F_FLDi_lFQ) = tr(F+lDiL_2F2). For A\ # oo, operator mixing naturally leads to the
curve shown in figure 5, with j((]f) < 1, consistent with that found in the weak coupling.
For the branch mids = 0, we have A = 2 at j = 1, and it would be interesting to

identify the corresponding gauge invariant operators Vo for various integral j values.

5 Effects of confinement in the Hardwall model

So far, we have carried out our discussion mostly in the conformally invariant limit, or
in the kinematic regimes where confinement played no significant role. More generally,
the Maldacena duality conjecture and its further extensions assert that there is an exact

9As noted earlier, v used here is half of that used in ref. [1].
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Figure 6. The AdS glueball spectrum for QC D, in strong coupling (left) compared with the lattice
spectrum [50] for pure SU(3) QCD (right). The AdS cut-off scale is adjusted to set the lowest 27T
tensor state to the lattice results in units of the hadronic scale 1/rg = 410 Mev. This is figure 2 of
ref. [33], which we reproduce here.

equivalence between large N, conformal field theories in d-dimensions and string theory in
AdSH x M. A dual gravity description for SU(N) quarkless QC D, was first suggested
by Witten [49] by breaking explicitly the conformal (and SUSY) symmetries. A systematic
strong coupling glueball calculation within the Witten scheme [33] has been carried out
in the supergravity limit, i.e., infinite A limit, and the resulting spectrum is in qualitative
agreement with ground state levels from lattice QCD4.1% In particular, it reproduces the

important feature for low mass glueballs:
m?(0T ) <m?(07 ) ~ m?(27T) . (5.1)

(See figure 6 below.) It has also been noted in [33] that the feature: m?(0t+) < m2(0~F) ~
m2(27) <m?(177) < m?(177), is consistent with the pattern derived from a “constituent
gluon” or bag models for glueballs.

The Witten proposal, however, starts with 11-dimensional M theory on AdS” x S%.
One of the dimensions, x11, is taken compact, reducing the theory to type-IIA string
theory. The 5-d Yang-Mills CFT is next dimensionally reduced to QCD,4 by raising the
“temperature”, 37!, in a direction x5 = 7. The new metric is an AdS7 black hole with

x11 compact.'! In spite of the qualitative success of the low mass glueball spectrum in this

10 Due to mixing with ordinary mesons, experimental identification of glueball states has been challenging.
The best evidence for their existence has been through lattice gauge theory [50]. For first attempts at
calculating glueball masses using AdS/CFT, following work of [49], see [51-54]. The relevant tensor glueball
state was first studied in [32, 33, 36].

1A similar calculation has also been carried out for QC D3, where one starts with AdSs, dimensionally
reduced by raising the temperature to 3!, leading to an AdSs black hole background [32].
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background, it has the weakness of a model QCD having incorrect conformal limit in the
ultraviolet. The correct metric for 4-d Yang Mills theory is an AdSs background with mild
deviations to account for the logarithmic running of asymptotic freedom.

Other efforts in calculating glueball masses using more realistic background, e.g., the
Klebanov-Strassler background [55], include [56-60]. These backgrounds are more difficult
to handle so in the current effort for simplicity, we shall work the AdS5 metric, (2.1),
with a hard cutoff at » = rg, i.e., a hardwall model. This metric does not satisfy the
supergravity equations, but experience has shown [2, 35, 61] that it captures both the phe-
nomenology encoded in the metrics of consistent four-dimensional theories with confining
dynamics [40, 55] and the qualitative properties of a near conformal theory in the UV.
In particular, phenomena for which the details of the metric in the confining region are
not important — potentially universal features of gauge theory — are often visible in this
model. One can identify infrared-insensitive quantities and general features of the hadronic
spectrum, hadronic couplings, etc, including, as we will see, aspects of Regge trajectories
and of the Pomeron, Odderon, etc. Meanwhile, model-dependent aspects of these and
other phenomena can also be recognized, through their sensitivity to small changes in the
model. The prices you pay for this phenomenological IR cut-off is the freedom to modify
the boundary condition at the hardwall as part of detailed implementation of the cut-off.

5.1 Spin, degeneracy and EOM at A = oo

We will first consider glueball spectra in the supergravity limit, (A — o0), before addressing
the issue of the associated Regge trajectories, (A large but finite.) Type-IIB string theory
at low energy has a supergravity multiplet with several zero mass bosonic fields: a graviton
G, a dilaton ¢, an axion (or zero form RR field) Cp, and two K-R tensors, the NS-NS
and R-R fields By, and Cy ,, respectively. With a hard cutoff for AdSs, modes for these
fields become discrete.

Our first task is to find out all quadratic fluctuations in the AdSs x S°® background
metric whose eigen-modes correspond to the discrete glueball spectra for QC Dy at strong

JPC sectors. We are only interested in the excitations that lie on the

coupling for various
superselection sector for QC Dy. Thus for example we can ignore all non-trivial harmonics
in S® that carry a non-zero R charge. The result of these considerations, discussed in detail
below, is summarized in table 2.

To count the number of independent fluctuations for a supergravity field, we imagine
harmonic plane waves propagating in the AdS radial direction, r, with Euclidean time, x4.

For example, the metric fluctuations in AdSj5
GMV = Guu + huy(x) (52)

in the fixed background G v are taken to be of the form hy, (r, 4). There is no dependence
on the other spatial coordinates, ¥ = (x1,x2,x3). As we shall explain in more details in
appendix A, there are 5 independent transverse metric fluctuations, h;j, (spin 2), 3 each
for NS-NS and R-R two-form tensors respectively, B;; and Cy 5, (spin 1), 1 for the dilaton
¢ (spin 0), and 1 for the Axion Cj (spin 0).
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We can consider perturbations of the following forms:

hij(r,wa) = agj t(r) €™ (5.3)
Bij(r,xa) = bi QI( ) efkara (5.4)
Coij(r,xa) = cij ga(r) e (5.5)
¢(r, 1) = Si(r) €™ (5.6)
C(r,zq) = So(r) e™*e (5.7)

where k = (0,0,0,k4), a;; a constant traceless-symmetric 3 x 3 tensor, and b;;, ¢;; anti-
symmetric, with i,j = 1,2,3. Let m? = —k? = —k3. From linearized Einstein’s equations
for h;j;, scalar wave-equations for ¢ and Cp, and a set of Maxwell equations for B and Cs,
we arrive at

d d m2
[—T%T% +4)t(r) = T—gt(r) ; (5.8)
d d m2
T ar +migs| ai(r) = T—qu(r) ) (5.9)
d -d
—or? 0 Si(r) = m?r Si(r) (5.10)

where mids are AdS mass squared for the two-form. Note that, for h;; and S;, mids =0.

We can bring all three equations into the “scalar” form by scaling

T(r) =72 1(r).

Qi(r) =2 ai(r) . (5.11)
One finds that, for T, @); and 5;,
d 5d 9
——1"—=T(r) =m?r T
drr dr (r) =m"rT(r)
d -d

_%TS% + (mAgqs — D | Qi(r) = m* r Q;(r) (5.12)

d .5 d

" i(r) = m?r Si(r) .

Note that equations for 7" and 57 and S are degenerate, and also for Q1 and Q2. We will
find it convenient later to work directly with ¢, ¢; and s;, where s; = 725;. One finds an
equivalent set of equations

si(r) = (m?/r?) si(r) . (5.13)

For definiteness, let us for now work with egs. (5.12). Normalizability also requires
wave functions to vanish at » — oo. (The case mQAdS = 0 requires a special treatment.!?)

12 In that case, Q = r~2 log(r/r1) is a zero mode, with r1 determined by boundary condition at r = rq.
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Once boundary conditions at r = r( are specified, eqgs. (5.12) for T, Q; and S; separately
turn into an eigenvalue problem, with orthonormal condition:

/ drr ®, &, =0pm - (5.14)

70

2

. n=20,1,---. From these, one is led to a discrete spectrum for QC D,

and eigenvalues m
associated with each bosonic supergravity mode.

5.2 Parity and charge conjugation assignments

Next we determine how the supergravity fields and therefore the glueballs couple to the
boundary gauge theory. This allows us to unambiguously assign the correct parity and
charge quantum numbers to the glueball states, following the analysis done in [33].

For this purpose, we consider the Born-Infeld action plus Wess-Zumino term, describing
the coupling of a supergravity field to a single D3-brane,

S = /d4x det[G + e %(Byy, + Fu)) + /d4x(COF ANF 4+ CyANF+Cy)),

where p,v = 1,2,3,4. We will find the charge conjugation and parity assignments with
the help of the symmetries of the 4-d gauge theory. The Euclidean time is taken to be x4
and the spatial co-ordinates, z;, i = 1,2, 3.

For the 4-d gauge fields, we define parity by

P Az, xq) — —Ai(—xi, 24),
P : Ay(zi,x4) — Ao(—xi, x4). (5.15)

for x; — —x;, r4 — T4.

Charge conjugation for a non-Abelian gluon field is
C: T, AL (7) — — 3T, Al (z) (5.16)

where T are the Hermitian generators of the group. In terms of matrix fields (A = 1T,A%),
C:Au(x) — —AZ(.%’). This leads to a subtlety. For example consider the transformation
of a trilinear gauge invariant operators,

C: TT[meFquzFusus] - _TT[FHSVSF/JQVQF,U«IVJ . (5.17)

The order of the fields is reversed. Hence the symmetric products, d“ch{lFQbFf, have
C = —1 and the antisymmetric products, f“chlaFQbF?f, C = +1. Of course using a single
brane, we can only find symmetric products. For reasons explained for instance in [33], we
will only encounter symmetric traces over polynomials in F, designated by Sym Tr[F),, - - -].
Even polynomials have C' = +1 and odd polynomials C' = —1.
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G 10) Co B Cy
2++ 0++ 0—+ 1+— 1=~

Table 2. JPC Classification for QCDy glueball states from IIB Gauge/String Duality. The iden-
tification here differs slightly from that in [33] where one starts from an 11-d M-theory description
with confinement modeled by an AdS7 black hole metric.

Graviton, dilaton and axion states. Expanding the Born-Infeld action, we can now
read off the JPC assignments. One finds that the graviton G couples as G, TH, where
TH ~ Tr(FMFlf‘) +--- . Because an even number of gluons occur in the field operators, the
charge conjugation for all such states are C' = +. For parity, we assume we are in a gauge
where the indices of GG, do not point along g, r. From the coupling, GWTr[F“AFj\’] + -
we get states

Gij — 2+t (5.18)

The dilaton couples as ¢TrF?, leading to
¢ — 071, (5.19)

and for the axion coupling CoTr(Fi2F34),
Co — 071 . (5.20)

Two-form fields. Consider first the NS-NS 2-form field B,,. For U(1) gauge theory in
leading order this field couples as B, F*”. More generally in the SU(N) gauge theory,
tr(F) = 0, we must have a multi-gluon coupling, B, SymTr[F,, W], where W is an an
even power of fields I and the trace is symmetrized. The first non-trivial coupling for B,
involves the totally-symmetric color-singlet operator, Sym T'r(F),, F' 2), i.e., the d-coupling.

For parity, again assume that we are in a gauge where the indices of the 2-form do not
point along x4,7. With 4,5 = 1,2,3, the coupling B;; SymTr[F¥W] leads to

By — 177 | (5.21)

For  the Ramond-Ramond  2-form (s, we  have the  coupling
eijkClij SymTr[Fk4W], SO

Cgﬂ‘j — 17 . (522)

The first non-trivial coupling for the RR tensor Cy ,,, is Sym T T(F wl 2).
The complete parity and charge conjugation assignments are now summarized in ta-

ble 2.

5.3 Glueball spectrum at A = oo

Let us next examine the boundary conditions at r = rg. Recall that the hard-wall model
is not a fully consistent theory. However, it does capture key features of confining theories
with string theoretic dual descriptions. The main advantage of the hard-wall model is that
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JPC. o+ o+t 0t 1+— 1——
Lattice 1 0.52 1.17 1.50 2.57
Modes: T S1 So Q1 Q2
Bdry C. 8uT’0 =0 8u81’0 =0 8u52’0 =0 8uq1]0 =0 8UQ2’0 =0
n=20 1.00 0.64 1.00 1.93 2.44
n=1 3.35 3.06 3.35 5.87 6.20
n=>2 7.05 6.77 7.05 10.95 11.25
n=3 12.09 11.81 12.09 17.36 17.65

Table 3. The mass spectrum, m?2, n = 0,1,2,3 for QCD, Glueballs vs Lattice calculations.

it can be treated analytically. The boundary condition at the wall on the five-dimensional
graviton (and its trajectory for general J) is constrained by energy-momentum conserva-
tion in the gauge theory. We must impose the boundary condition, (9r(r_2tl-j) = 0, or,
equivalently, Neumann boundary condition for T'(r),

0, T(r)=0 (5.23)

at r = ro. The logic is the same as in deriving the wave equation Vp h;; = 0: the pure

gauge solution t(r) = 72

must be retained as a zero mode, else conservation of the energy-
momentum tensor will be violated. This condition extends to the Pomeron for small |j—2],
which will be the regime we will mainly consider below.

For simplicity, we shall assume a similar boundary conditions for @; and 5;, i.e., with

Neumann conditions for all three,

8,7 =0,8; = 0,Q; =0, (5.24)

at r = rg. Note, due to degeneracies noted earlier, we have, for the low-mass glueballs,

m(077) = mg(07F) = m§(2*F) <mf(1™7) =m(177) . (5.25)

In table 3, we have listed mass squared from lattice calculations for ground states, in
ratios relative to m2(27+) ~ 5.76GeV?, e.g. m3(2t+) = 1, m3(0*F) = .52, etc. We have
normalized our calculated mass squared with m2(2+%) = 1, and presented result of this
calculation, for 7' : m2(2+%), Sy : m2(0~F), and Q2 : m2(177), n =0,1,2,3. (For two-
form fluctuations, we have considered only the case mids = 16, since the case of mids =0
can be shown to correspond to pure gauge.)

In this paper, we are less concerned on how well the resulting spectrum agrees with the
lattice result and will postpone further improvements to future investigations. Nevertheless,
it is important to note the pattern of degeneracy between the lightest scalar (0*1) glueball,
the lightest tensor (2*7) and the pseudoscalar (0~ 1), and the degeneracy between two spin-
1 states, (17~ and 177), are not shared by the lattice result. Within a hard-wall model,
these patterns can only be broken by boundary conditions. There is a priori no reason to
adopt the same boundary condition for S; and @, 4, j = 1,2. In fact, based on the results
for a black hole background [32, 33, 36|, it is suggestive that the physics of confinement
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could be better simulated by having different boundary conditions for S; vs. So, or Q1 vs.
@2, in the IR, thus breaking their degeneracies.

The spectrum can be changed if different boundary conditions for S and @ are
adopted.’ We find it amazing that it is possible to adjust the boundary conditions at
r = rg, so that mZ (07F) < m2 (27F) ~m3 (0°F) < m? (177) < m3 (177). As noted
earlier, this pattern is consistent with that followed from a constituent gluon and bag
models. As an illustration, we adopt Neumann conditions for h;;, s1, S2, ¢1 and Q2. This
will change the masses for 07+ and 17, and the resulting mass squared under Neumann
conditions, 1 : m2(07F), and Q1 : m2(177), n=0,1,2,3, are also shown in table 3.

5.4 Regge trajectories

At X large but finite, O(1/v/A) corrections must be taken into account. Recall that, for
the metric fluctuations, the on-shell conditions, Ly = Lo = 1, receive corrections, and,

operatorially, can be written as
t
ji—2+ (1/2\/X)Vp] t(r) = [j -2+ (1/2\/X)(—7‘(9T7’(9r +4— 7‘_2) t(r)y=0 (5.26)

For j = 2, this leads to eq. (5.8), where, by applying the boundary condition at rg, it
2

turns into an eigenvalue condition on ¢ — m;. For finite A\, we now have a generalized
eigenvalue problem. Since j enters as a parameter, we find the glueball spectrum now
can be considered as function of j and A, m2(j,\). Equivalently, we can treat t as a
parameter, and consider this as an eigenvalue problem in j, i.e., we will have discrete
spectrum in the J-plane. Since each eigenvalue is a function of ¢, one arrives at a set jy, (t),
n = 0,1,---, each specifying a Regge trajectory. Furthermore, this is also a continuous
spectrum, corresponding to the BFKL cut. The J-plane spectrum is illustrated in figure 3,
as a graph of j vs. t.

It is now straight forward to generalize this to the whole supergravity modes. Using
the variable u = log(r/rp), it is possible to express all relevant extensions of egs. (5.13) in

a standard Schrodinger form,

Pomeron : [—63 +44+2VN(G -2) - 672”(t/t0)] t(u) =0,
Odderon : 02+ mAas + @V — 1) — e 2 (t/to)] alw) = 0,
Scalar : [—aﬁ YA+ (2VN) (G —0) — e*2“(t/t0)] s(w) =0, (5.27)

with boundary conditions, (5.24), becoming
Oule™2t) = Dy (e2"s;) = Oyle *q;) =0, (5.28)

at u = 0. We have also made use of the fact that ¢ty = 1/0[6\/X = AQQCD and af) = LQRQ

To

13 Dirichlet boundary condition was used in [62] as a model for calculating the scalar glueball masses.
Subsequently, both Dirichlet and Neumann boundary conditions were used in a holographic approach to
glueballs masses [63]. For related works, see [64, 65].

,32,



The spectra for all three cases are structurally identical. We can express these equations

collectively as

[0 +m? o) (9) — e (t/10)] ¥ (u) = 0 (5.29)
with

m? .y =2V — ) (5.30)

where j(V) =2 — 2/\/X, 1-— midS/Q\/X, —2/\/X, for ~ taking on t,q, s respectively. Note
that j('Y) is the location of the BFKL cut for the t¢,q,s modes respectively. Note also
that m?(j) and m? ;) (j) are the same as m?(;)(j) and m?_(j) introduced earlier in
eq. (3.17). Since one can move from one equation to another by shifting the J value, they
lead to same J-plane structure except for the intercepts at ¢t = 0.

Let us examine the form of (5.29) as a Schrodinger equation. At ¢ < 0, the potential is
strictly positive and approaching zero, at u = co. We conclude that the spectrum consists
of a continuum and there are no bound states. For ¢ > 0, on the other hand, there is now
an attractive potential well at « = 0, and bound states can now be formed, in addition to
the continuum at E., = 0.

u

Changing back to the variable z = e™", our equation becomes a Bessel equation,

(2202 + 20. + (t/to)2* — v*] ¢ = 0, (5.31)
with
Vi =mi, =2VA(j - ) (5.32)

The solutions are given by

W(z) =, (Vt/to 2) + Y, (V/t/to 2), (5.33)

where J, and Y, are the Bessel functions of the first and second kind respectively. At
z = 0, Bessel functions of the second kind are singular, and since we want the solution that
is regular at z = 0 we can conclude that c; = 0 and hence

P(z) =1 (V/t/to 2) (5.34)
We next impose boundary conditions (5.28) at z = 1, leading to an eigenvalue problem.
There are two equivalent ways to proceed. One finds

e Given j > j, real, solve spectrum ¢, ,(j), n =0,1,---.
e Given t > 0, solve spectrum j,(t), n=0,1,---.

The J-structure is now more robust with the emergence of Regge trajectories at positive
t. For the leading trajectory in the C' = 41 sector, the lowest mass state corresponds to
a tensor glueball when the trajectory crosses j = 2. That is, under gauge/string duality,
the Pomeron can be identified as a “Reggeized massive graviton”. There will also be
interpolating Regge trajectories associated with modes identified in table 3, e.g., that for
C = —1. The generic J-plane structure can be illustrated by that for C' = +1. (Figure 3.)
The details on how these trajectories emerge from the BFKL cut will of course be model-
dependent. However, features such as their being asymptotically linear at large positive ¢
are general. Since this analysis is nearly identical to that of ref. [1] for C' = +1, we will
not repeat it here.
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6 Comments

In this paper, we have focused on the C = —1 J-plane singularities in the large N, limit from
the perspective of gauge/string duality. We find that, while Pomeron emerges as fluctua-
tions of the metric tensor, Gsn, Odderons can be associated with that of anti-symmetric
tensor fields, i.e., Kalb-Ramond fields [8], in AdSs background. We have demonstrated
that the strong coupling conformal Odderons are again fixed cuts in the J-plane, just as
the case for C = +1. Their intercepts are specified by the AdS mass squared, mids, for
both Kalb-Ramond fields B and Cs, (parity degenerate),

G =1 = m3ue/2VA + O(1/)) . (6.1)

One solution has mQAd&(l) = 16, and a second solution has mids,@) = 0. Thus the situation
parallels that found in the weak coupling, as summarized in table 1. Moreover unlike the
case of the Pomeron, for the Odderon both the weak and strong coupling solutions start
with jo =1 as A — 0 and A — oo respectively and decrease away from this limit.

When confinement deformation is taken into account, the .J-structure becomes more
robust with the emergence of Regge trajectories at positive t. Recall that, for the leading
trajectory in the C' = 41 sector, the lowest mass state corresponds to a tensor glueball
when the trajectory crosses j = 2. That is, under gauge/string duality, the Pomeron
can be identified as a Reggeized massive graviton. For QCD, based on metric which
is asymptotically AdSs in the UV, we have identified the JX¢ quantum numbers for all
ground state glueballs, and they are summarized in table 2. We have also shown that there
are interpolating Regge trajectories associated with these modes. The generic J-plane
structure can be illustrated by that for C' = +1. (Figure 3.)

Let us next comment on the anticipated glueball states with J¥¢ = 17~ lying on the
leading C' = —1 Odderon trajectories. This is certainly the case for the branch mids = 16.

JPC = 1%~ decouple from the physical

However, for the branch mids = 0, those two states
spectrum due to gauge invariance. To be more precise, since the associated field strengths
actually vanish, these states do not couple to other physical modes. However, there are
at least two good reasons for us to accept these Odderon trajectories associated with the
branch mQAdS = 0. First, as one moves away from j = 1, the system is effectively massive
and the field strengths no longer vanish. There will no longer be residual gauge freedom
for decoupling and states on the Regge trajectories are now physical. (For this branch, the
first physical recurrence along a Regge trajectory occurs at j = 3.) Second, there is also
the possibility of a Higgs-like mechanism at work so that these spin-1 states will acquire
masses non-perturbatively. This has indeed been suggested to be the case when coupling
to open strings is taken into account [8, 66], generating masses of the order O(1/¢?). From
AdS/CFT perspective, however, we are at this point unable to address this possibility. The
best we can do is to introduce “probe branes”. Nevertheless, it does suggest that, when
coupling to external hadrons is taken into account, these would be gauge modes could
indeed manifest themselves non-perturbatively through a Higgs-like mechanism. However,
until this happens, this conformal Odderon, jé};), remains at j = 1. In this connection, it
is intriguing to note that, from weak coupling, the Odderon mode with intercept at j =1

,34,



is also “anomalous”. Its existence requires “enlarging” the Hilbert space of acceptable
physical states, e.g., involving delta-function in gluon separations in impact space. These
more singular configurations at small impact separations suggest, from string/gauge dual
perspective, having more singular behavior at the AdS boundary. This is precisely the
case for mids = 0, as compared to mQAdS = 16. Possible connections between these
observations deserve further examination. We have also noted that, from strong coupling,
jé}i), corresponds to twist four. This is probably consistent with that from a weak coupling

(=)

0_(2), on the other hand, no clear conclusion can be drawn at this time,
either from weak coupling or from strong coupling. (For weak coupling, see section 3.2.7

consideration. For j

of [16] for a brief discussion.)

Let us re-iterate on the generality of the present Odderon treatment. As is the case of
Pomeron in Gauge/String Duality, the current approach relies on the fact that N' =4 SYM
in the strong coupling can be described by a string theory in AdS background. The dual
string theory affords a perturbative treatment at large curvature, and, in this limit, one
approaches super gravity in ten dimenison. When viewed as a two-dimensional world-sheet
sigma-model, there always exists, in addition to the (symmetric) metric tensor, Gy, an
anti-symmetric tensor field, Bpsy. In this paper, we have shown that, just like the fact
fluctuations of G sy can be identified with a dual Pomeron where C = +1, fluctuations of
By leads to dual Odderons, with C' = —1. Therefore, the generality of the present work is
on an equal footing as that for the dual Pomeron [1]. Further discussion on the theoeretical
foundation for this dual approach can be found in section 2. For historical reasons, these
anti-symmetric tensor fields have generically been referred to as “Kalb-Ramond” fields. As
explained in section 5, when confinement deformation is introduced, small fluctuations of
these modes can be identified with glueball states. For the K-R fields, one finds both JF°
equal 17~ and 17~ glueballs.

It is also useful to provide further contrast between the current treatment of odderons
with the traditional perturbative approach under a leading log approximation. We com-
ment on some of issues which normally come up in the later approach and discuss their
roles, if any, from gague/string duality. Many more questions can undoubtedly be raised
and we limit here to some of the more common ones.

e In a perturbative LLA, BFKL Pomeron [17-21] can be thought of as a color-singlet
bound state of two Reggeized gluons. Gluon Reggeization is an integral step for
both the BFKL construct for the Pomeron and the BKP construct [22, 23] for the
Odderon.' In our dual approach, we work with the color-singlets only and the notion
of gluon Reggeization does not arise.

e In contrast, since the underlying structure in a dual approach is a string theory, the
presence of a J-plane is natural. Thus one speaks of a dual Pomeron as a “Reggeized
graviton” in the case of C' = +1 and Odderon as a “Reggeized K-R” field for C' = —1.

14 Gluon Reggeization can be characterized by a boostrap condition from s-channel unitarity perspective,
and it can be tested perturbatively. The importance of proving this condition beyond the leading order has
been emphasized in a recent publication [67].
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In the strong coupling, the structue of the J-plane can be established semi-classically.
As shown in [1] and in this paper, at A large but finite, the J-plane in the conformal
limit for both C' = +1 involves branch cuts only. However, in a confining theory, e.g.,
for QCD, Regge trajectories will emerge for positive ¢ (section 5.)

In our dual approach, energy-momentum conservation is maintained manifestly. In-
deed, the vanishing of the anomalous dimension at J = 2 plays a central role in
establishing the location of the Pomeron intercept in the conformal limit at strong
coupling. (See section 4.3.) Furthermore, Moebius invariance enters as a subgroup of
the conformal symmetry and is now realized as the isometry of the transverse AdSs,
as emphasized in [9, 11] and briefly reviewed in the appendix B.

In earlier weak coupling BFKL approach, Moebius invariance requires the vanishing
of the wave function whenever the separation between any pair of gluons vanishes.
However, for the second Odderon solution in the weak coupling where jé};) =1, this
restriction has to be relaxed by enlarging the Hilbert space of states [67, 68]. It is
interesting to note that there is a hint of a similar feature in a dual appraoch, i.e.,
the normalizability condition for the jéz)) = 1 solution differs from that of jé}i) <1

Clearly, this subtle point deserves further investigation in a future study.

In a weak coupling treatment, Pomeron is minimally a bound state of 2 Reggeized
gluons and Odderon a bound state of three. Indeed, in a weak coupling, there are
additional Pomerons and Odderons involving more than the minimal numbers of
gluons. For each sector with a fixed number of gluons, the solution can in principle
be found by exploiting the integrabie structure of a Heisenberg spin chain of a finite
length. In our dual approach, both the Pomeron and the Odderon are collective modes
of gluons in color singlet configurations. In this limit, they each can be represented
by fluctuations of local fields, Gpsny and Bjsn respectively. The notion of a fixed

number of constituent gluons losses its meaning.

Lastly, let us comment on the representation labels for the SL(2,C). One of more
interesting features of the weak coupling approach is the holomorphic and anti-
holomorphic separability and their correspondence to the unitary principal series
representation of SL(2,C), labelled by a real and an integer n. For the usual leading
weak coupling BFKL Pomeron, one has n = 0, although other |n| = 1,2,--- solu-
tions are also allowed. When n # 0, angular correlation between color dipoles enters.
As stressed in [9], our strong coupling solution corresponds to a realization where
SL(2,C) enters as the isometry of transverse AdSs and only n = 0 solution appears.
This is likely a reflection of the fact that, in strong coupling, effective local fields can
be used. While one is able in strong coupling to encode “parton size”, orientational
information such as that of “color dipole” no longer enters in the formulation [1, 9].
How such orientational information can be encoded in the strong coupling limit is an
intersting question, but it is beyond the scope of our current analysis.
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Let us next turn to a brief comment on eikonalization. Consider elastic scattering
a+b—a+band a+b— a+b. If the C = —1 contribution can be neglected, it follows
from refs. [9, 11, 69] that, in the strong coupling limit, F(s,t) ~ F(s,t) ~ F(*)(s,t) can
be expressed in a “generalized” eikonal representation over AdSs,

F(s,t) = /dzdz'Plg(z)PM(z')/dzb e_iblqlg(s,b{z,z'), (6.2)
where
A(s,bt, 2, 2') = 2is [1 — eix(sbtz)| (6.3)

and b+ = z+ — 2/t due to translational invariance. The probability distributions for left-
moving, Pj3(z), and right moving, Py4(z) particles are products of initial (in) and final
(out) particle wavefunctions:

Pi3(z) = (z/R)Q\/g(z)CI)l(z)fbg(z) and  Py(z) = (z'/R)2\/g(z’)ég(z')<1>4(z') . (6.4)

When confinement is implemented, wave functions can be normalized so that [ dzP;j(z) =
;5. By expanding to first order in the coupling gg, this eikonal can then be related to the
transverse representation for the strong coupling Pomeron kernel,

gpR!
2(z2")2s

x(s,zt —a't 2,2 =

K (s, 't — 2t 2,2, (6.5)
with (*) given by (3.25). This kernel was first introduced in ref. [1], where the di-
mensionless coupling gg is proportional to the AdSs5 gravitational coupling constant:
g8 ~ Kk2/R3 ~ 1/N?. This is a natural generalization of our earlier result for AdS graviton
exchange [11, 69], whose kernel can be obtained by taking the limit A — oo.

When both C' = £1 are present, eikonalization can still be carried out by generalizing
the analysis of [5], e.g., the amplitude F still takes on the form, eq. (6.2), with a new eikonal
x = x4+ x(), and the same for crossed amplitude, F', with eikonal y = () — x(=).
The C' = —1 eikonal is now given by the corresponding Odderon kernel,

(@) (0) pa

~f0 % Tk s, ot — a2/t 2,2") . (6.6)

=) _ = _20 "0 *
X (S,CE x ,Z,Z) 2(22/)28

with eo(®) an effective coupling constant. It then follows from (6.2) that

FE(s,t) = / dzdz' Pi3(2) Py (2') / d?b e~ L AB) (5 51 22 (6.7)
where

g(ﬂ(s,bL,z,z’) = 2is [1 — X Psbh22) o X(_)(s,bl,z,z')] , (6.8)

A (5,0t 2, ) = —25 X052 6in (5, b% 2, ) (6.9)

Let us briefly comment on the issue of saturation and Froissart bound. Saturation for
F and F is characterized by the condition x ~ O(1) and ¥ = O(1) respectively. With
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i >

also pointed out in [9], Froissart-like behavior for the C' = +1 sector requires confinement,

(7), the corrections from the C' = —1 contribution is a higher order effect. As
which leads to a diffractive disk, with a radius ro(s) ~ logs. This remains the case when
C = —1 is present. This can be explicitly verified by examining eq. (6.8).

The analog of the Froissart bound for the C' = —1 sector is Aop(s) ~ log s, which if
saturated [3-7], has been referred to as the “Maximal Odderon”. A natural question one
could raise is whether such a behavior would emerge under a similar eikonal consideration.
With j(()_) < 1, it follows from eq. (6.9) that Ao vanishes at least as fast as sjéi)*l, and
the bound on Ag is far from being saturated. Moreover, even if we assume that j (=) 5 1,
unlikely as it may be, the conclusion is again no “Maximal Odderon” saturation is found.

In flat space, it has been shown [5] earlier that eikonal sum does not lead to the Maximal
Odderon saturation. The flat space argument follows from (6.9) with the z-coordinate fixed
in the IR. Because of confinement there is a diffractive disk of radius r(s) ~ logs. The
corresponding flat-space eikonal factor eX P (361 g either highly oscillatory or absorptive
within this disk. In either case, it leads to rapid suppression, yielding negligible contribution
to Ac. With j(_) > 0, scattering for F'(-) can take place within a “ring” at the edge
of the diffractive disk, of width dr, leading to a finite contribution to Ao, of the order
ro(s) dr ~ logs dr. However, one can also show that the width of this ring decreases as
s~87 where Aj = jéﬂ — ) > 0. Therefore, upto a logarithm, Ac vanishes as a power of
s, within the eikonal picture. Essentially the same argument goes through for the eikonal
expansion (6.9) of the AdS hardwall model because the z-coordinate is constrained to a
finite interval.

As summarized in [16], the strongest evidence for Odderon, at this point, is more
theoretical than experimental. Our current analysis has provided further support for its
existence from a non-perturbative perspective. Nevertheless, puzzles remain on why it
is so difficult to observe the Odderon experimentally. It has been suggested that direct
exclusive production holds the best chance for observing Odderon. One would expect that
at t = 0 the Odderon would dominate over the quark anti-quark (meson) Regge trajectories
and that for large ¢ < 0, there would be a distinguishing hard components similar to that
expected for the BFKL Pomeron. If so, better understanding and control of the Odderon
intercept and its on-shell string vertex-coupling would be useful. Our strong coupling
approach might be able to shed more light on this question. This and other related issues
will be addressed in a subsequent investigation.
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A Wave equations

We outline the derivation of the wave equations that were used to find the energy levels in
the supergravity theory. The discussion here is similar to that in [33], except we now work
with the AdSs metric, (2.1), with R = 1 for simplicity, and a hard-wall cutoff.

The simplest equation is the scalar wave equation for the dilaton and the axion. For the
transverse traceless metric fluctuations, one can simply work with the linearized Einstein
equation. Both of these can be found in [33]. Let us focus here on the case of the two-
form fields, B,,, and C),,,, which at the linear level are conveniently combined into a single
complex field, B;w = By, +iCy,. (We drop the subscript 2 of Cy ,,, in what follows to
simplify the writing.) Let us introduce a Maxwell operator for two-forms

"’ 3 / / / ~
(DMaxweH B)aﬁ = \/—_—ggaugﬁua)\(\/ _gg)\A g““ g”” 8[)\/B‘u/y/}) s (Al)
or, equivalently,
(DMaxweH B)aﬁ = ga,ugﬁu(guu/gyy/gu’u’)\);A ) (A2)

where
g/,l,l/)\ = auBu)\ + al/B)\/J + 8)\Buu ; (A?’)

is the associated field strength. For ease of writing, we adopt the standard shorthand:

UMaxwell Baﬁ for (DMaxwell B)aﬁ-
It was shown in [44] that this field satisfies the equation

(OMaxwel — k(k 4 4)) By, + 2i€,,”78,B\, = 0, (A.4)

for kK = 0,1,--- harmonics on S°. Since the second order differential operator factorizes
into two first order operators, solutions fall into two classes,

i(+xDBW),, = 2(k + 4)B}}V>,

—i(*xDBY),, = 2kB{) (A.5)

where (*DB)W = EWW‘"@pBM and [ is the identity matrix. It is convenient to iterate
these first order equations to get the second order equations,

(DMaxweH - (k + 4)2)3‘&? =0 s
(Ontaowens — B*)B) = 0. (A.6)
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A.1 Counting modes

To count the number of independent fluctuations for a supergravity field, we imagine
harmonic plane waves propagating in the AdS radial direction, r, with Euclidean time, x4.
For example, the metric fluctuations in AdS5

GMV - Guy + huy(x) (A?)

in the fixed background G v are taken to be of the form hy, (r, 4). There is no dependence
on the other spatial coordinates, ¥ = (z1, z2,x3).

Metric fluctuations. A graviton has two polarization indices. If we were in flat space-
time, we could go to a gauge where these indices took on values among (x1,x2,23) and
not from the set (x4,7). The polarization tensor should also be traceless. This leaves
(3 x4)/2 —1 = 5 independent components. In the AdS space-time, we can count the
number of graviton modes the same way, though the actual modes that we construct will
have this form of polarization only at » — oo; for finite 7, other components of polarization
will be constrained to acquire nonzero values [32, 33]. Therefore, a set of five independent
polarizations can be characterized by the following non-vanishing components at » — oo,

hij : hz‘j = h]‘i y and Trh=0 y 1= 1,2,3 . (AS)

These five states form a spin-2 representation under SO(3) as indicated in table 2. Let us
consider perturbations of the following form:

hl'j(’l“, 564) = hij t(’l“) efm:m (Ag)
where 4,7 = 1,2,3, with h;; an arbitrary constant traceless-symmetric 3 x 3 tensor. From
linearized Einstein’s equations about the AdS5 background, one finds

[— P4, +4}t(r) = —t(r) . (A.10)

leading to eq. (5.8).

Scalar fields. There are fluctuations for the dilaton ¢ and the axion Cj. These can be
combined to form a complex field ® = e =% 4 1Cy ~ e*‘{’(l — ¢) +1iCy. There is also a
scalar G2 associated with the volume fluctuations in S°, (with m3 4 = 32). However, we
will not consider this mode here.

Let us consider perturbations of the following form:

¢(7"7 .%'4) - Sl(?") eik4$4
C(r,x4) = Sy(r) eFars . )

and re-write k4 = im. From the scalar Laplacian, one finds, for i = 1,2,
d 5d

— 5 i(r) = m?r Si(r), (A.12)

leading to eq. (5.12).
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Kalb-Ramond two-form fields. As explained earlier, the field equation for B can be
factorized into two first order equations, and each can be iterated leading to a second order
equation of the form

UMaxwell BMV + mQAdS,iBMV =0. (A13)

where mids,l = (k +4)? and midS,Q = k%, k = 0,1,--- . For the purpose of counting
modes, polarizations for massless 2-form in AdSs can also be restricted to be transverse,
with fields depending only on (x4, ). Therefore, the polarization tensor is an antisymmetric
2-tensor in the direction x1,x9, 3, leading to 3 independent components. On the other
hand, since we in general need to work with massive 2-form, longitudinal modes are allowed
and it would appear that the polarization tensor is an antisymmetric tensor in coordinates
xr1,Z2,x3,7, with 6 independent components. This assertion turns out not to be the case,
and, the number of independent (complex) components for our massive 2-form, B;w is also
3, as if we are dealing with a massless case. This less than intuitive fact follows from the
first order relation, relating real and imaginary parts and leading to further constraints.

One must check that solutions to the second order equation for B, actually are valid

[z
solutions to the original wave equation. For example, consider the ansatz

Bia = —Bgy = b12Q(r)re*™ and Oy = —Cy =0. (A.14)

Once we have a solution for Bjs, the first order equations will determine C3y = —Cys # 0
and Cr3 = —Cj5,. # 0, while allowing all other components of B and C to be zero. This
does not place any constraints on By itself. From eq. (A.6), Q)1 now satisfies eq. (5.12). A
similar ansatz

Clg = —Cgl = CngQ(T)TQGikUM and B12 = —B21 =0. (A.15)

would lead to eq. (5.12) for @2, and B3y = —Bys # 0 and B,3 = — B3, # 0, while allowing
all other components of B and C to be zero.
From these examples, one finds that the number of independent complex tensor fields,

B, is reduced from 6 to 3. Independent components can be chosen at r — oo,
BZ] : BZ] = _B]Z ) 17] = 172737
Ci' : CZ = —Cji s i,j = 1,2,3, (A.16)

each corresponds to spin-1 under SO(3), as indicated in table 2.

There still remain two cases to consider, (1) m3 45 = (4 + k)2, and m3 45 = k?. Since
we do not consider fluctuations in S, we can restrict to k = 0, i.e., we can restrict to
mid&l = 16 and mQAd&2 = 0. As pointed in [33], the case of mQAd&2 = 0 can be gauged
away. Therefore, the state with 7 = 1 associated with this mode decouples. However, at
finite but large A, Regge recurrences will be developed. As one moves away from j = 1,

Regge trajectory associated with this mode should survive.'?

15 A related issue in flat-space was first discussed in the original work by Kalb and Ramond, [8] and also
in [66]. By invoking coupling to open strings, this would be spin-1 state acquires a mass through a Higgs-like
mechanism.
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Dimension | State J'¢ | Operator Supergravity
A=4 ott | Tr(FF)= E*. E*— B*. B° ¢
A=4 2+t T;; = E} - EY + B - B} — trace Gij
A=4 0t | Tr(FF)=E*- B* Co
A=6 1 | Tr(Eu{Fp, Fry}) ~ d®*FeFPFe Bij
A=6 177 | Tr(Fuw{F, Fag}) ~ dFeFOFe O

Table 4. Gauge invariant local gluonic operators for QC' D4 with A < 6 and their supergravity du-
als.

A.2 Low dimensional gauge invariant operators

We note that the basic idea behind the AdS/CFT correspondence in the context of glue-
balls is similar to an observation made much earlier by Fritzsch and Minkowski [70], by
Bjorken [71] and by Jaffe, Johnson and Ryzak [72]. Namely that the low mass glueball
spectrum can be qualitatively understood in terms of local gluon interpolating operators of
minimal dimension. For example, ref. [72] lists all gauge invariant operators for dimension
A = 4,5 and 6. Eliminating operators that are zero by the classical equation of motion
and states that decouple because of the conservation of the energy momentum tensor, the
operators are in rough correspondence with all the low mass glueballs states, as computed
in a constituent gluon [73, 74] or bag model. Indeed more recently Kuti [75] has pointed
out that a more careful use of the spherical cavity approximation even gives a rather good
quantitative match to the lowest 11 states in the lattice spectrum. Consequently it is
interesting to compare this set of operators with the supergravity model.

We list in table 4 all the operators for A < 6, based in our cutoff AdSs5, except the
operators with explicit derivatives, e.g., Tr[FDF] and Tr[FDDF]. In this table we have
used a Minkowski metric. The column on the right lists the supergravity mode that couples
to each operator. It is comforting to point out that our solutions for Kalb-Ramond modes,
B and Cs, at mids = 16, precisely lead to A =6 at j = 1.

B Conformal geometry at high energies

In the context of the AdS/CFT correspondence, it is important to consider the boost
operator relative to the full O(4,2) conformal group, which are represented as isometries
of AdS5. The conformal group O(4,2) has 15 generators:

Py, M,

s Dy Ky (B.1)

Of these, M, _ is the generator for the longitudinal boost. In terms of transformations on
light-cone variables, there are two interesting 6 parameter subgroups: The first is the well
known collinear group SLf (2, R) x SLr(2, R) used in DGLAP. The second is SL(2,C) (or
Mébius invariance used in solving the weak coupling BFKL equations) with six generators

1D+ M12 s P1 :tiPQ s K1 :F’L'KQ s (B2)
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corresponding to the isometries of the Euclidean (transverse) AdSs subspace of AdSs.
Indeed SL(2,C) is the subgroup generated by all elements of the conformal group that
commute with the boost operator, M, _ and as such plays the same role as the little group
which commutes with the energy operator F.

Eq. (3.17) is an ordinary differential equations, diagonal in ¢. As explained in ref. [9],
it is useful to transform the equation to an impact representation via two-dim Fourier
transform, [ dg J_e*iqi‘”L, where t = —qi. In fact, it is more convenient to scale G& by
one factor of zz’. One finds, after taking Fourier transform,

(zz')G(i)(j) — Ggi)(j,wl - ,2,7). (B.3)

where

[—2%0,2710, — Z'QV?CL +mi(j) — 1] Ggi)(j,xj_—x’l, 2,2) = 236(2—2)0%(x —2')) (B.4)

This is now in the form of a DE for AdS3 scalar propagator. Therefore Ggi) can be thought
of as AdS3 Green’s functions with AdSs mass squared, m2 (j) — 1, and they have simple
closed-form expressions as a function of the AdSs chordal distance [9].

In order to gain a better understanding on the emergence of the AdSs propagators, let
us begin with the Euclidean AdSs metric,

2 2

ds® = R— dz? 4+ dxidxy + drodry) = ds® = R— dz* + dwdw , B.5
22 22

where the transverse subspace is three dimensional, (w = x; + ix9, z). The generators of
the SL(2,C') isometries of AdSs are

1
Jo = wdy, + 5283 . Jo==0y , Jp=uw0y + w20, — 220

Jo = w05 + 520: , Jo=-05 Ji = 0?0 + 020, — 2%0,, . (B.6)
In the conformal group, this corresponds to the identification,

Jo, Jy, Jo — (—iD—i—Mm)/Q, (Pl +ZP2)/27 (Kl —ZKQ)/Q
Jo, Jp, Jo e (—iD — My3)/2, (P, —iP)/2, (K1 +iK3)/2,

so that the non-zero commutators in SL(2,C) must be [Jy, J+] = £J4, [J4, -] = 2Jy,
and [Jo, J+] = +J4, [Jy,J_] = 2Jy. In general, unitary representations of SL(2,C) are
labeled by h = iv + (1 +n)/2, and h = iv + (1 — n)/2, which are the eigenvalues for the
highest-weight state of Jy and Jy. The principal series is given by real v and integer n.
The quadratic Casimirs J2 and J? have eigenvalues h(h — 1) and h(h — 1) respectively. In
the representation (B.6) they are

1 1
JP=J2+ STed o+ T Ty) = Z[z?’azz—laz + 42%0,05) (B.7)

with J? = J¢ + %(J;J:r +J_J,) = J? in this representation.
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